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‘Aornon 1. 'Eotw € gvag Sravvouatikog xapog utepdve evog owuatog K, kat €otw T, € € katk, A € K. Na
Oeydetl ot:

KT+ N =\ + Kj = 7

Abon. Oa éyouue':
KE+ A=A+ Kk = KE+N-M—-kj=0 = (k=-Ni—-(k-Nj=0 =—

— (k- NE-9H=0 = 7 = 7

‘Aoknon 2. 'Eotw K éva oopa kat (€, +, ) pa piabda n onoia anotefleitar and éva ovvofo &, pia eowtepikn
nmpaln «qpoodeong + Kkat pa efwtepikn npaln Baduwrov rofAanaoctacuotr touv K emni tou E:
+:ExE&E—E& (Z))—T+7 ra —Kx&—¢& (kZ)+—k- T
Na beixdei 6u n wwaba (€,+,-) eivar évag sravvopatkog xwpog utepave tou K av kar povo av n puaba
(€, +, ) mcavonoiei ta adwpata (1)-(7) evdg sravvopatikov yawpou utepave tou K, kat to axdfouvdo afiopa
k=0
(8) VkEK, Vicé: k-7=0 — ﬁ
=0
Avon. Apkei va 6eifouue ou, yvwpilovtag ot woyvouv ta afiouata (1)-(7), wyvet, Vk € K, VT € &:
k=0
1.2=7 <+<— k-7=0 = 7
i=0
«—=» H rkarevduvon avty glvat yvwot and m Jewpia. Xapw sukojiag divovue tv anodeiln. YmodEtouue
ouk # 0. Tote undpyet o apduoe k' € K rai 1018, ypnowonowviag 1a aflduara kai yveotes iS10TnIeg
SlavuouatKov xwpwv, 9a EYouus:

k-i=0 = k' (k-®)=k'10 = (k' k)-#=0 = 1.2=0 — =0

er[stUpi@oups ot av € eivatl évag Sravuopaukog Xwpog urepdve evog oopatog K, xat k € K xar & € €, tote:
k=0

k-T=0 <= I

=0

z
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‘Apa eite k = 0 eite & = 0.
««—» Yrodétouue ot woxvouv ta adlouata (1)-(7) kat 1o afioua (8'). Gcwpovuc 10 Sidvvoua l - ¥ — T rkat 9a
6¢eifoupe ot eivat 1o unbeviko dravvoua. Xpnowonowwviag ta altouata (1)-(7), 9a xovue:
1-1-2-2)=1-1-Z+(-2)=1-1-&)+1- (=) =1 -1)- Z+1- (%) =
=1-Z41- (@) =1-(Z4(-2)=1-0 (%)
Ouwgl-0=1-(0+0)=1-04+1-0rardpa0+1-0=1-0+1-0. H tefevtaia oxéon 6iver1 -0 = 0. Tote
amno 1o afiopa (8') kair m oxéon () mporuvmniel, emetdn 1 # 0, ou:
1-1-2-8)=10=0 = 1.72-2=0 = 1.Z2=7

éniaén wxver 0 afioua (8) kar emoucvwg n owada (E,+,+) evar évag Silavuouatikos xwWEOS UTELAV® TOU
oouarog K.

‘Aoknon 3. 'Eoto K éva oopa kai (€,+, ) pa piabda n onoia anotefleitar and éva ovvoo &, wa eowtepikn

mpaln «qpoodeong + Kai pa efwtepikn mpaln Baduwtov roidarniaciacuotr tou K eni tou E:
+:ExE&E—E&, (FY)—T+yY ra Kx&E—E (kI)r—k- 7

Yrodérouue ot n owdba (€, +, -) ucavonoiei 07a ta aiopara evdg sravuouatikov ywpou urepave tou K, extdg

mdavov ano 1o Afiwua (2), éniabdn bev anatovue va wxvel 0w, VI, § € & ¥+ § =17+ 7.

Na 6eydei 6u woyvet 1o Afioua (2) kat apa n aba (€, +, ) givar évag S1avVUOUATIKOG XWPOS UTEPAV® TOU
K.

Avon. 'Eoto @,y € £. Ba epapudoouue v emuspiotikeg ibiotneg (AGiwuata (5) kai (6)) yia va vrofoyicoupe
ue 6vo poroug 10 Srtavvoua
1+1)-(F+7)
(1) Xpnowonowvtag ta aliopuata evog dtavvopatikol ywpou urepave tou K, ektde ano 1o afiopa (2), 9a
EXOUUE:
(141) @t P) = (1+1)- T+ (141) Gl -Fh1-TF41-FA1-F=F+ T+ T+
(2) IMapouoia, ypnowonowviag 1a aflopuara vog SlAVUOUATIKOU X@pPoU uttepave tou K, exktdg amo 1o

aiopa (2), 9a éyouue:

A+1)- (@49 =1-(F+y+1-(Z+y) =Z+y+T+Yy
Ano ta (1) kat (2), énetar S+ + y+ ¢ = £+ § + & + . Ipoodérovtag mpaita anod 1a aplotepd 10 OTOLElo

'

—& Kkat akoAovdw¢ mpoodétovtag 1o atoyelo —i and ta 6efid, 9a Eyouue:
T+T+7+y=04+7+74+y = (D +T+T+7+7+(-)) =@ +7+y+7
(—Z+ D)+ T+ 7+ G+ (—-9) = (F+2)+y+ +
T+i=7
Emnouévag, woxvet kat 1o afloua (2), bndabn Vi, y € E: &
évag dravvouattkog ywpog urnepdve tou K.
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‘Aoknon 4. Na beydei ou 10 Afiwua (8) evdg Siavvouatucov xwpou &, dniabdn ou, Vi € €: 1% = &, Sev
TPOKUTTEL ano ta vnojlowta adlopara.

Avon. Ta va 6eifouue 10 nrovuevo, apkel va beifoupe ou unapyet éva ooua K kar wa pwaba (€,+,-), n
onoia anoteeitar and éva ovvoAo &, pa eowtepurn mpoaln «arpoodeong + Kat uia efotepucr mpoaln Baduwtov
noAfanaociacuotr tou K eni tou &:

+:ExE&E—E& (,yY)—2Z+7 ra Kx&—E& (kI)+—k- T
£101 wote va wavornowovvtatl ta altwuata (1) - (7) aida va unv ucavornoeitar 1o aioua (8).
@stoupe € = R? kat opifouus mpaceie
+:R2xR? — R?, (Z=(a,b), 7= (¢,;d)) — T+ 7:= (a+c,b+d)



NKx €& —¢&, (kZ=(ab)r—k'T:=(ka,0)
TNa mv wda (R?, +, '), mpopavaeg 1o atioua (8) v tkavonoitar 81011 yia mapdadeyua av & = (1,1), 1ote
&ouvpe: 1/ (1,1) = (1,0) # (1,1).
Asiyvouue ot yia v prada (Rz, +, ), ikavomotovvtar ta unoAowra adiopara (1) - (7). Yrevdupilovue ot n
wowada (R, +, ), omouv k - (a,b) = (ka, kb) sivar Sravvopatixde xapog vnepdve tou R.
(1) Emedn n mpoadson «+» ot towada (R?, +, ') ovuminter pe v mpéodeon «+» oy toada (R?, +,-) n
omola anoteflei Sravvouatiko xwpo utepave tou R, énetal ot yia mu pada (RQ, +, ), scavomoovvtar
ta aopata (1) - (4).
(2) ‘Eoto k € R kar ¥ = (a,b) xkarij = (¢, d) 6vo ororyeia tou R%. Tore:
k' (@Z+9) =k ((a,b) + (¢,d) =k (a+ ¢, b+ d) = (k(a+¢),0) = (ka + ke, 0) = (ka,0) + (ke,0) =
=k-(a,b)+k-(c,d)=k'"T+k' 3
(8) 'Eotw k,l € R ka1 Z = (a,b) éva ororyeio ou R?. Tote:
(k+0) %= (k+1)(a,b) = (k +1)a,0) = (ka +la,0) = (ka,0) + (la,0) = k' (a,b) +1 ' (a,b) =
=k'Z+1'7
4) 'Eoto k,l € R ka1 ¥ = (a,b) éva otoyyeio tou R%. Téte:
k(7)) =k (17 (a,b) =k (la,0) = (k(la),0) = (kl)a,0) = (k) ' (a,b) = (ki) -/ &
Ta ntapanave dsiyvouv ot yia v piada (RQ, +, ), ucavormowvvtar ta adouara (1) - (7), aiia oxt 1o afioua
(8) 10 omoio bev wkavonoeitar. Emousvag 1o aliopa (8) dev unopei va mpokuwer and ta vrnoAoma aflopuara.

‘Acknon 5. Oswpouue 10 ovvoo R3 nadi ue uc mpateig:
R xR — R, (ny2)e@,y,7)=@+2y+y,2+7)
Kat
©:RxR — R ro(xyz2) =(0,0,0)
Na e&etdoste av ue 1ig napandve mpddeic 10 ovvofo R? sivar R-Stavvouatiog yopog. Iowd and ta adidpara
ToU S1ETOUV TOV 0PLOUO ToU SlAVUOUATIKOU X @POU LoXUOUD Kat Told OxL;

AYon. Ensién n mpoéodeon «o» oty tp1ada (R3, @, ®) ovunintet ue mu mpoodeon «+» otnu toiada (R3, +, )
n omola anoteel Sravvouatiko xwpeo vrnepave tou R, énctal ou yia v pradba (Rg, @, ®), ucavonowovvial 1a
aCwouata (1) - (4). I6waitepa 1o undevko oToLyEio ToU R3 sivar 1o Swiavvoua 0= (0,0,0).

'Eote T kat §f U0 otoyeia tou R? kair, s € R. Tote 9a éxoupe:

ro@e)) =0=0p0=roferoy

— —

(r+s5)0Z=0=000=r0f®sOr
ro(ed)=rol=0=(rs)0x
Enousvog vcavonowovviar ta awpata (5)-(7). To aiopa (8) mpopavwg 6ev ukavonoieitar 610t yia KAde
Gavvoua T # 0, xovue: 1 © =0 # Z.
Emopévag n towada (R3, @, ©) 8ev eivar Stavvouatkdg xwpog unepdve tou R.

‘Aoknon 6. Zto ovvofo v n x n mwakev M, (R), opilovue 6vo mpaeig:
@ : M,(R) x Mp,(R) — M,(R), A®B=-(A+B)
Kat
®: R x Mp(R) — M,([R), roAd=—(rd)
Ot mpadeig ota 6ela PENN TOV avOTEP® OPIOUMV VAl Ol YVROTES TPAEELS TTPOODEONS TwAK®V Kat Sadue-
U mojlfaniaciaouov apduov ue mivaka. Na efetaoete mowa anod ta allopara mou OIETOUV TOV OPIOUO TOU
dlavuouatKkou x@Pou WoxXUoUV Kat TTola OXL.

Avon. Ocwpovue mivarkes A, B,C € M,,(R) kat mpayuaticovs apduovg r, s € R. Ga gyoupe:



(1)
A BoC)=Ad(—-(B4+0)=A40(-B-C)=—(A+(-B-C))=—-(A-B-C)=-A+B+C
(AoB)®C=(-(A+B)®C=(-A-B)e#C=—(-A-B+C)=A+B-C
Emneibr) yevika —A+ B+ C # A+ B — C, énetair ou 10 afioua (1) 8ev ikavonoieitat.
(2)
ApB=—-(A+B)=—-A-B=-B-A=—-(B+A)=BadA
‘Apa 10 10 afioua (2) tkavonoleitat.
(3) Yrodérouue ou umdpyet mivaxag X € M, (R) étorote A X = A=X ® A, VA € M,,(R). Tote:
A X =4 = —(A+X)=4 = -A-X=4 = X=-24
Emneibn o wivaxag X e€aptatar ano tov mivaxa A, kai doa bev givat uovaémo'§2, énetar ou 1o aiopua

(3) 8ev kavomnotleitat.
(4) Emeidn 0 aliopa (4) et vonua uovov otav woxvet to aiopa (3), mpokvmntet ont 10 aioua (4) dev

1KAVOIolEiTat.
(5)
ro(AeB)=r®©(-A-—B)=—(r(-A-B))=—(-rA—rB)=rA+rB
roAer®B=(-rA)®(-rB)=—((-rA)+ (-rB)) = —(-rA—rB) =rA+rB
‘Apa 10 afioua (5) 1kavonoleitat.
(6)
(r+s)@A=—((r+s)A) =—(rd+sA)=—-rA—sA
rOA®s©A=(—rA)®(—sA) = —((-r4) + (—sA)) = —(-rA—sA) =rA+sA
‘Apa 10 afioua (6) 8ev tkavomoleitat.
(7)
rO(s©A) =ro(—sA)=—(r(—sA)) =r(sA) = (rs)A
(rs) © A= —((rs)A) = —(rs)A
‘Apa 10 afioua (7) 8ev tkavonoleitat.
(8)

10A=—(14)=—A+A
‘Apa 10 aflopa (8) 8ev 1kavonoleitat.
Zupmepaivoupe ot n toiada (RT, @, @) 8ev eivar Siavvopatikdg xwpog urepdve tou R.

‘Aoknon 7. Zwo ovvofo RT = {r € R | r > 0} opilouue 1 mpdaeig:
® : Rt x Rt — R, (a,b) — a®b=uab—1

Kat
O@:R xRt — R",  (rja) > roa=a
Na eetdoete av n pwabda (R, ®, ©) anotefei Siavvouanxd xapo nave and o R.

Avon. Eotwa,b,c € Rkair € R.

(1)
a®b®c)=ad(bc—1)=albc—1)—1=abc—a—1
(adb)dc=(ab—1)dc=(ab—1)c—1=abc—c—1
Emneibn) yevika abc — a — 1 # abe — ¢ — 1, dnwg BAgmovus 9ewpaviag otoiyeia a, c ue a # ¢ karb = 0
(m.y. a =1xarb = c=0), énerai ou 1 afioua (1) 8ev 1kavonoleitat.
2)

adb=ab—1=ba—-1=bBa
‘Apa 10 afioua (2) tkavonoleitat.
2Ia napadeypa, av uripxe mivakag X o oroiog va eivatl oudétepo otoixeio yia v mpddn «B», tote 9a émpernie O & X = O rat

I, & X = I, orou O etval o pndevikog n X n mivakag kat o I, sivat o povadiaiog n X n mivaxkag. Ano tnv potn ox£on £netat ot
X = O xrat an6 v deutepn énetat 61t X = —21,, Kat auto eivat aroro.



(3) 'Eotw ot undpetx € RT étotodotea ®x = a = x @ a, Va € RT. Tote:
_l+a
a

adr=a — ar—1=a — ax=1+a — T

Emed1 1o otoryeio x e€aptatar amo 1o otoiyelo a, kat dpa bev givat uovaémc')s, énetatl ou o afioua (3)
6ev wkavonoieitat.
(4) Emeidn 0 aliopa (4) €xet vonua uovov otav woxvet to aiopua (3), mpokvmntet out 10 aioua (4) dev
ravormoleitat.
(5)
rO©a®b)=ro(ab—-1)=ab—1
roa®rob=ad®b=ab-1
‘Apa 10 afioua (5) tkavomoleitat.
(6)
(r+s)@Ga=a wxat rea®sGa=a®a=a’>—1
Emeién) yevikd a # a® — 1, onw¢ BAémouue 9étovtag a = 1, énstar ou 10 afioua (6) 8ev tkavonoteitat.
(7)
roO(s@a)=rGa=a=(rs)Oa
‘Apa 10 afioua (7) tkavomoleitat.
(8)
1Ga=a
‘Apa 10 afioua (8) tkavonoileitat.

Zuunepaivouue oun oada (RY, @, ®) 8ev eivar Siavvouatxds xopog vnepdve tou R.

‘Aoknon 8. Z1o guvofo R tov mpayuatukov apiduav opilouue npateig:
®:RxR — R, (a,b) — a®b=ab
Kat
®:RxR — R, (r,a) — rGa=r+a

Na e€etaoete av n waba (R, @, ©) anotefel Sravvouatikd ywpo nave amo o R.

Avon. Eotwa,b,c € Rkair € R.

(1) Emedn n mpaln «d» sivar o ouvndng moAfdaniaciacuog mpayuatkov apdpu®v 0 OToiog IKAavonoLEl TNU
TPOOETAIPIOTIKY Kal UETAETIKN 1610TNTA, KAl yla TOV OTOIOV UTLAPXEL OUSETENO OTOLYEIO, O TPAYUATIKOG
apduog 1, énetar 6t ta tpia mpota a§idpata (1)-(3) ikavornolovvrat.

(2) INa va vrapyet avtidero otoiyeio ou a € R w¢ mpoog tv mpaln «b», 9a mpémetr woodvvaua va umdpyel
avtiorpogo otoryeio kade otoiyelov a € R w¢ mpog v moaén tou ovvrdoug moAAardactacuov moay-
Hatkov apduov. Eneidn avtd dev woyvet, onwg Licmovue 9¢tovtag a = 0, énetar ou 1o aiopa (4) dev

1Kavomnoteitat.
(3)
ro(adb)=ro(ab) =r+ab
roa®rob=(r+a) @@ +b=+a) (r+b =r*+r(a+0b)+ab
Eneidn yevied r2 +r(a+b) +ab # r + ab, onegc fAcwouus 9étovtagr = a = b = 1, énstar 61 10 aiopa
(5) 8ev kavomoleitat.
(4)

(r+s)®a=(r+s)a=ra+sa
roa®sOa=(r+a)®(s+a)=rs+(r+s)a+ad

Eneibn) yevika rs + (r + s)a + a® # ra + sa, 6nwc BAcnouus Yétovtag r = s = a = 1, émerar o611 10
afiopa (6) 8ev 1kavonoteitat.

Sra napadetypa, av urpye otoixelo x 1o oroio va eival oubétepo ototxeio yia v rpddn «P», tote 9a énperte 1 Gz = 1 kat

2 @ x = 2. Ao Vv npwtn oxeon £netat 0t £ = 2 Kat and v devtepn £netat ot r = % Kat auto eivat droro.



(5)
ro(sGa)=ro(sta)=r+(s+a)=r+s+a
(rs)®a=(rs)+a=rs+a
Emeibn yevuca rs + a # r + s + a, onwg BAcmovue 9etovtacr = s = a = 1, énetar ot 10 afiopa (7) dev
Kavomnoteitat.
(6)
1oa=14+a#a
‘Apa 10 afioua (8) 8ev 1kavonoileitat.
Zupmepaivoupe ot n toiada (RT, @, ®) 8ev eivar Siavvopatikdg xwpog urepdve tou R.

‘Aoknon 9. Gzwpovue évav Siavvopatko xwpo (€, 4+, ) vngpave tou owuatog v uyadikov apduov C.
Opilouue wa véa mpaén

©:Cx&E—E& 202=2Z-7
Na betxdei ou n pwada (C, +, ©) givar évag dravvouatikdg xwpog unepdve tou C.

Avon. Encibn n wba (€, +,-) evar évag C-6ravvopatinds ywpog, mpokumiet Ot tkavomoovvtal ta alonata
(1)-(4), ta omoia apopovv v mpaln mg mpdodeong, yia v wada (€, +,®). I'a ta vnooma adiopara, €0t
Z,y€ & raiz,w € C. Tote:

(z+w)OZ=2z+

g
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20wWEX)=20wW-2)=2-(0w-7)=Cw) - Z)=2w-Z=(zw)0F

10F=1-Z=1-F=7

Enouévag n owdba (€, +, ®) givar évag dtavvouatikdg xwpog urepdve tou C.

‘Aoxrnon 10. BGzwpovue 1o ouvodo C™ 1o omoio Yewpovpe Ot elvar epodiacugvo pe T ouvndn TP aln TPoodeons
«+» Kata ovviotwoa:
(21,22,"' 7Zn) + (’LUI,'UJQ,"' ,’U}n) - (Zl +’LU1,ZQ +’UJ2,"' 7Zn+wn)
Opilouue wa mpaén
x: CxC" —C", wx(z1,22, ,2,) = (WZ1,wWZ2, -+ ,WZy)

Na e€etaodei av n paba (C", +, %) givar évag Stavvopaticog xwpog vnepave tou C. Av n tpwabda (C") +, )
bev eivar Sravvouatidg ywpog vnepdve tou C, mowd and ta okte afiopata Sev oxvouv;

Avon. Tvepiloupe ou n waba (C*, +, ) elvar évag Sravvouatikog ywpog unepave tou C, omou n mpaln

Baduwrov moAAarniaciaouot «» opiletar ¢ e€Ng w - (21,22, ,2n) = (w21, W 22, + ,w 2p,). Emeidny n mpaln
nPoodeong eivar kown kat yia ug 6vo tpiabeg (C", +, ) kar (C", +, %), énetar ou vcavonowvviar ta afiopuara

—

(1) - (4) yia v waba (C", +, %). INa ta vnooma afwpata, éotw o, f € C kar 2 = (21,29, ,2p), W =
(w1)w27 tt 7wn) € (Cn Tote:

(5)

(a+B)«Z=((a+B)z1,(a+B) 72, ,(a+B)Zn) = (aZ1 + BZ1,aZ2 + 70, ,aZ, + 7Zn) =
= (az1,a%s, -+ ,a%Z,) + (B%1,8%2, -+ ,BZ) =axZ+B* 7

(6)

ax (Z4+ W) =ax* (21 +w, 20+ W, 20+ wp) = (@21 + Wi, 022 + Wa, A2y T Wy) =

= (a(Z +w), a(zz+w3), - ,a(@Z +W) = (aZ1 +aWi,aZ +aWs, - ,aZ, + AWy) =

= (a?l,afg,-'- ,a%)—i—(aw*l,aw*g,--- ,ozuTL) =a*xZ+a*xw



(7)
a*(ﬁ*z):a*(6717ﬂ727 76%) = (aﬁaaﬁa”' 7()[/677) = (OéBZ:h()ZBZQ,"‘ 704185) =
= OéBZl,OJBZQ,"' 70432%)
((XB :(aﬁﬁ,a55,~--,aﬂﬁ)

x 7
Emne1bn mpogavaog éxouue yevikd o Sz # a B Z , 0nwg mpokuntet yia napdadeiyua Iétovtagc o = =1
Kat z = 1, émerat ou:

—

o (Br7) £ (af)*7
Kat dpa 1o afioua (7) bev wxvet.
(8)
1xZ= (171,122, ,1%;) = (z1,%2, %) # (21,22, v o) = 2
kat apa 1o afiopa (8) bev wy et

Enougvag n towaba (C", +, *) 6ev eivar Sitavvopaticdg xwpog urepave tou C: icavonoovviat ia ta afiopata
extog v aliwpdtov (7) kat (8).

‘Aoknon 11. Bswpolue évav dravvouatikd xwpo (€,+,+) ungpdve U owuarog twv uyabikav apduav C.
Iepropidovtag ov Baduwto mroAfardaciacud - : C x € — € oto umoavvofo R C C, opiletar pa veéa mpaén

*RxE&E—E rxdf=r-2
Na beydei ou n owaba (€, +, x) eivar évag sravvopatkog xwpog urepave tou R.

Avon. Eneibn n pwaba (€, +, ) givar évag C-bravuopaticog xapog, mpokuniet ou ucavorowvvial ta aflouata
(1)-(4), ta onoia apopovv v mpaln mg Mpoodeong, yia v wiwdba (€, +,*). INa ta undfoma afiwuata, £0t®
T,y € Erair,s € R, Tote, Yewpaviag kade moayuatikd apduo w¢ utyaduko, 9a ExYouue:

(r+s)xZ=(r+s)- ¥=r-F+s-T=r xT+s*=&
Y=r-ZF+s-J=rxT+sxy
rx(s*xZ)=rx(s-&)=r-(s-Z)=(rs)- = (rs)*=

1xZ=1-2=7

Enougvag n towaba (&, 4, x) elvat évag sravuouatikog xwpog urepdve tou R.

‘Acrnon 12. Na deyydel 61t 10 UTOGUVOAO :
V= {(a,b,c,d) eRY|c=a—b, d:a+b} c RrR?
anotefel évav R-undywpo tou R,
Avorn. Ba gyouue:
V=/{(a,bc,d) eR* |c=a—b, d=a+b}={(a,b,a—ba+b) eR*|a,be R} =
= {(a,0,a,a) + (0,b,—b,b) € R* | a,b € R} = {a(1,0,1,1) + b(0,1,-1,1) e R* | a,b e R} =
=((1,0,1,1), (0,1,-1,1))

AnAabén to ovvoio V cuuminter pe 1ov UTOXWEO TOU R* o onoiog mapayetar ano ta Siavvopara (1,0,1,1) xa
(0,1, —1,1), xat emopévag sivar untoywpog ou R*.

‘Aoknon 13. Na sfetaotel moia ano ta akoovda vroovvoia tov R-Siavvouatikot xopou R* sivar UTIOX ®@PO1L
0U:

(1) le{(.’IJ,y,Z,t) €R4\x:y,z:t},



2) Wo = {(z,y,2,t) ER* |z +y+ 2+t =0},
38) W3 = {(z,y,2,t) e R | z =1},
@) Wy = {(z,y,2,t) € R | 2t = yz}.

Avon. Yrnevduuifouue ot yia va anoteflei 1o unoovvoio W evdg K-Savuouatikov xwpou V, évav undxwpo tou
V mpéner va ninpol ta akofovda:
(1) W#0,
(2) Vb, Wy € W =— w1 + Wy €W,
B)YVAeK YU eEW — A-WeW.
(@) ToW; amotefeitar and ta ororysia tov R* tri¢ poperic (a, a, b, b), omov a, b € R, kat enidrj 10 (0, 0,0, 0)
avrket oto W1, agou eivar avtrig g uoprg, énetar ot Wy # (.
Av W, € Wi kat Wy € Wi, 101e 10 W = (a,a,b,b) kat o Wy = (¢, c,d,d), émou a,b,c,d € R.
‘Exouue:
Wy + Wa = (a,a,b,b) + (¢,c,d,d) = (a+c,a+c,b+d, b+ d),
10 omolo gyl TNV kataAAnAn popen wote va aviker oo Wi .
Avdfoya, av A € R kar i € W1, 10te 10 W = (a, a, b, b), omov a,b € R, kar éyoupe:

Ao =\ (a,a,b,b) = (\a, Aa, \b, \b),

10 omolo gyel NV kKataAAnAn uopgn dote va avrket oro Wi.

(B) To Wy givar # 0, agouv ot ouvioTwoeg TOU 0= (0,0,0,0) wcavorowovv muv x +y + z +t = 0, mov yet
w¢ ovvénea va avriket 10 0 oto W.

Av W = (al,bl,cl,dl) € Wy kat Wy = (CLQ,bg,CQ,dg) € Wy, te a1 +b1 +c¢1 +di = 0 kxar
ag + ba + co + dy = 0. Zvvenag, (a1 + az) + (b1 + b2) + (c1 + ¢2) 4+ (di + d2) = 0 kat 1’ aviod 1o
Wy + We = (a1 + az, b1 + be, c1 + c2,dy + do) aviket emiong oto Wa.

Av ) € Kkardd = (a,b,¢,d) € Wy, 6tea+ b+ c+d=0. Zvvenawg, Aa+ Ab+ A+ Ad=X0=0
Karyt" avtd 1o A = (Aa, Ab, Ae, Ad) avrket emiong oto Wa.

(y) To W3 6ev eivar Siavvopaticog undywpog tov R, pofovér Wz # 0, agouv 1o (1,1, 1, 1) sivar otoryeio
ouv. Ilpayuat, av nrav S1avuouatikog XWPog, TOTe 10 UNOEVIKO OTOLYEI0 TOU R4, énAabn to 0 =
(0,0,0,0) 9a avrike oto W3. To tefleutaio bev umopei va ovpbaivel, agpou yia va avrket 10 0 oto0 W3,
9a mpemnet, ovpupava ue v oplouo v W3, n mpot cvuviotooa tou, to 0, va wouvtar ue 1.

(8) To Wy 6ev eivar Gravuopuatée undxwpog U R, pofovon Wy # 0, apov o1 ovvioteoee tov 0 =
(0,0,0,0) wavorowvv mv xt = yz rkai ovvenas 0 € Wy. Hapammpovue éu 1o @ = (0,0,2,4) avike
oto Wy, apov 0-4 =0-2 kat o ws = (4,1,8,2), apov 4 -2 = 1-8. Qotéoo, 1o Wi + wa = (4,1, 10,6)
6¢ev avnret oto Wy, agpov 4 -6 # 1 - 10.

‘Aornon 14. Na efetacdei mowa and ta axofovda umooUvoAda Twv avtiotoy v SIaVUCUATIKOD XWP&U glvat

UTOX @WPOL:
(1) Vi = {(a,b,1) € R? | a,b € R}, orov R-6tavvouatxs xapo R3.
2) Vo = {(a,b,a+ 2b) € R? | a,b € R}, orov R-tavvouats xapo R3.
3) V3= {(a,b,c) ER3 | a+2b—c=0, a,b,c € R}, orovR-stavvoparrd yopo R3.
@) V4= {(a,b,c) €R3|a >0 kat ¢ <0}, orov R-Gravvopatxo xwpo R3.

(5) V5 = {A € My(R) | A%2 = A}, orov R-stavuopard yaopo Ma(R).

6) V6 = {A € My(R) | A% = O}, otov R-61avvouatxd ywpo Ms(R).

(7) Ve ={f: R— R f(1) = 1}, owov R-6iavvouatro xopo F(R,R).

8 Vs ={f: (-1,1) — R | f(3) = 0}, orov R-61avvopaurs xsopo F((—1,1),R).

Avon. (1) To unootvofo V, 8ev eivar unéxwpog ou R? 61611 v ngpiéyer 10 undevind Sidvvoua 0=
(0,0,0) tou R3.
(2) Ba gyouue

Vo = {(a,b,a+2b) € R? | a,b € R} = {(a,0,a) + (0,b,2b) € R? | a,b € R} =
={a(1,0,1) +5(0,1,2) e R*| a,b € R} = ((1,0,1), (0,1,2))
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6niadn, 1o unoovvoio Vo OUUTITIEL Ue TOV UTOYXGPO TOU R3 o omnoio¢ mapdystar and ta Siavvouara
(1,0,1),(0,1,2), kat dpa eivat vnéxwpog rou R3.
(3) Ba gyouue

V3 = {(a,b,c) eER?|a+2b—c=0, a,b,cE]R}: {(a,b,c) eER?|a+2b=c, a,b,cER}:

= {(a,b,a+2b) € R® |a,b,c € R} =V,
Kat apa emnedn beifaues napandve ot o Vo glval umoxwpog tou R3, 10 unoovvofo Vs ivar UTIOX®WPOG
Tou R3.
(4) Hapawmpouvue o6u (1,0, —1) € V4 aidia o Baduwtds mojdarniacaopds (—1) - (1,0,—1) = (—=1,0,1) ¢
V4. ‘Apa 10 umootvofo V4 8ev eival unéxwpog ou R3.

1
(5) Hapatnpouvue ot o mivarxag A = <O 8) avrketl oto umoovvodo Vs, 6ot A = A, adid o Baduwiog

noffanflaoiacuds2- A = <(2) 8) v avrket oto umootvofo Vi St (2- A)? = (3 8) £ <§ 8> —

2 - A. "Apa 10 unoovvoflo Vs 8ev givar unéxwpog touv Ma(R).

(6) Hapatnpouue Ot o1 wivakeg A = (8 (1)> Kat B = ((1) 8) avrjkouv oto urmoovvoio Vg, 60t A? =

(1) (1)> bev avnket oto umoovvofo Vg 16t (A + B)? = <8 é)

I ¢ Vs. ‘Apa o unoovvojlo Vg 8ev eivat uniéxwpog tou Ma(R).

(7) Hapamnpovue ou 1o unbevikd biavvoua 0 tou R-6tavvouaticov xapou F(R,R), éniabn n otadepn
ovvapmmon 0: R — R, 0(z) = 0, éev avjker oto unoovvoio V7, 6won 0(1) = 0 # 1. 'Apa w0
unoovvoflo Vg 8ev eivatl unéxwpog v F(R, R).

(8) (a) To unbevuco ravuoua 0 tou R-6tavvouaticov xepou F((—1,1), R), 6ndadn n otadepr ovvaptnon

0:(-1,1) — R, 0( = 0, avrket oto unoovvofo Vs, 6161 0(3) = 0.
(®) Eow f,g € F((—1,1),R). Tote f( )=0= g(%) Kat dpa 9a EXOUuE:

)=
1)
(f+g<> G) <>_0+0_0 —  figeTF(-1,1),R)

() Eotor € Rxat f € F((—1,1),R). Téte f(1) = 0 xat dpa 9a éxoupe:

(re ) <;):rf<;> —r0=0 — r-feF(-1,1),R)

‘Apa 10 uroovvojo Vg givat unéxwpog touv F((—1,1), R).

0 = B2, ajjd o nivaka¢ A + B = (

‘Aornon 15. Gzwpouvue 10 ooua K wg¢ K-btavvouaticd ywpo. Na beifete ot ot uovor unoywpot tov K eivat ot:
{0} rar K

Avon. 'EctwV C K gvac undywpog tou Stavvouaticov yepou K unspave tou sautov tou. Ymodétouue Ot
V £ {5} rkat 9a Geifoupe oV = K. Yrevduuilouue Ot 10 unbevikod Siavvoua 0 tov K eivar o apduog
0, n mpoodeon 1ou K-btavuouatikov ywpou K eivar  ouvndng mpoodeon otoiyeiwv ou K, kat o Baduwtog
noAAanAaoctaoudg tou K-dtavvouaticov xwpou K eivat o ouvndng moAddaniaoctaoudg orotyeiov tou K. Emneidn
V£ { 6} émetar o undpyel otowyeio x € V pe x # 0. Tote, one¢ yvapilouue, undpyel o avtiotpogos z~+ € K
tov x kat wyvet xx~t = 1 = 27w, Enadn x € V kai 10 vmoovvofo V sivar undyapog tou K, émetar 6u
1=z 2eV. Ava € K givar tyov oroeio ou K, t6te eneidn 1 € V wat 10 uvnoovvofo V eivai undxwpog
wu K, énectatonia =a-1 € V. 'Apa o unoywpog V nepiéyet kade otoyyeiov tou K ratr emopcvog V = K.

H nieptypagrn 6Aev tov unidxepev tou K2, ot oroiot érwg 9a Soune sivat dmeipot oe rmAn0og, eivat mepio-
00TEPO OUOKOAN :

‘Acrnon 16. Av K sivai éva ooua, va Bpedovv 6ot o1 utdywpor tou K-Siavvopatiwov yaopou K2.
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Auon. (1) INvwpilouue ot ta utoovvoAa {6 = (0, 0)} kat K? sivar undywpor tou K2.
(2) loxupioudg: Av'V sivai évag unéxwpog tou K2 kar V # {6}, K2, 161 undpyouv otoiyeia a, b € K, émou
(a,b) # (0,0), étot wote:
V={(z,y) €K® | az + by = 0}
(@) Asixvouue mpwta Ot T0 Tapandve oUVoAO gival UTOX ®POS TOU K2. Ipayuart, 0 €V éwua-0+b-0 =
0. 'Eotw (z1,y1), (2,y2) € V kar A € K. Tote ta éyoupe:
ax1 +by; =0 = axs + by
Kal EMOUEVRS:
a(xy + x2) + b(y1 + y2) = ax1 + axe + by + bys = axy + by +axgy + by =0+0=10
a(Az1) +b(Ay1) = adz1 +bAy1 = A(azxy +by1) =A-0=0
Apa (v1,1) + (22,92) = (21 + 22, y1 + y2) € Vrar A - (z1,41) = (Az1, Ay1) € V. Emopévog 10
unoovvoio 'V eivat umoxwpog tou K2.

Emmjgov V # {6},K2. Hpayuau, enebn (a,b) # (0,0), ouAdayiotov éva ek v a,b evar
un-unbeviko, £0tw ot avto sivat 1o a. Tote:

a-(
Mapouowa av b # 0, Wte:

a~1—|—b-(—5):a—a20 = (0,0)#(1,—%)6\7

‘Apa 1o umoovvoio V mepiéyet kair un-unbdevika dtavvouata, dndadn V + {6 }
Yrodétouue o'V = K2. Téte mpopavae (1,0) € V kai (0,1) € V. Avto onuaivetdtia-1+b-0 =0,
éniaéria =0, kara-0+b-1 =0, 6ndadn b = 0. Erneibn (a,b) # (0,0), avto givar atono kai dpa
V £ K2,

(B) 'Eotw V évag unoxwpoc tou K? éto1 crote V # {6 }, K2.
Enaién V # {6} ungpyet (¢, d) € V kai (¢,d) # (0,0). Bewpovue 10 arxojovdo vmoovvojo tou
K2:

a

b b
J4b-1=-b+b=0 = (0,0)# (a,l) eV

L={(z,y) €eK*|dx —cy =0}
BOa bcifovue ou: V = L. Emeabn (¢,d) # (0,0), énetar ou ouidayiotov éva ek tov ¢, d evar
un-unbeviko, £o0tw Ot avto givat 1o c. Tote:

L:{(m,y)€K2|dw—cy:O}:{(az,y)eK2y:iz:y}:{(x,im)eKQMGK}:

- {%(C,d) eK?|ze K} = {(c, d))
Mapouowa av d # 0, 101e

Lz{(:ﬂ,y)éKQ|dx—cy=0}:{(a:,y)€K2]mz%y}:{(gy,y)eKQ|mEK}:

- {%(c,d) eK? |z € K} = {(c, d))
‘Apa o€ Kade mepinT®ON
L={(c,d)) ={Ac,d) e K* | X e K}

Eneibn (c,d) € V, énetar 6u A(c,d) € V, VA € K, karapa L C V.
Eotw ou'V ¢ L, kai dpa vrdpyer éva siavvopa (a,b) € V pe (a,b) ¢ L. Tote mpopavas 9a
gxouue: da — cb # 0. Beswpovue tov mivaxa

A= <C Z) ue opidovoa |A| =cb—ad #0

Ia xade dravvopa (z,y) € K2, 10 ypauuksé ovotnua

ct' 4+ ay = =z
(%) {da:’ + b =y
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ue ayvooroug ' kar Yy, éxel w¢ mvaka ouvteAeotdv oV avtuotpéyiuo mivaka A kai doa eivai
ovotnua Cramer. Emopgvag 10 (X) éxer povaduerj Avon (o, o), dndadn vndapyet (o, yo € K2
€101 OOoTE:
cxo + ayo = «x
by
() {dwo+ byg = vy
Tote umopouvpe va ypayouvus

(.I‘, y) = I‘o(C, d) + yO(av b)
Eneién (c,d) € V kai (a,b) € V, kat 10 umootvofo V sivar undyapos tou K2, énstar ou 10 twyov

sravuoua (z,y) tou K? aviker otov undyapo V. Me aifa Adyia V = K? xa avto sivar arono and
v unodeon. ‘Apa bev unapyet siavvopa (a,b) € V ue (a,b) ¢ L, bndadénV C 3.

Suvoyifovtag, Ssifaps ouV = L, énadn kdde undywpos V tou K? ue V # {6},K2 givat mg
uoperic L 7 wobvvaua V = {(:U,y) € K? | ax + by = O}, yla Kamolo un undeviko diavvoua
(a,b) € K2,

‘Apa ot utoyepot tou K2 givar o1 &g

(1) {0}.

Fewuetokd: n apxn Twv a&dvwv oro eninedo.

2) K2.

lewueTtoikd: éAo 1o eninedo.
3) {(z,y) € K* | az + by = 0}, y1a ramow un undevucs diavuopa (a,b) € K2.
lewuetoikd: uia euBeia oro eninedo n onoia diEépxeTal and TNV apxr) Twv afovwv.

‘Aoknon 17. Na efcraodel mowa and ta mapakdio vrnoovvoia tou R-Siavvouaticov ywpou May3(R) evar

UTOX®POL:

wy={( 5§ ) eMual®b=artc]
a
d

V-{(Z 8 (c))eszs(R)\b—a—i—c}_{(Z agc 8>6M2x3(R)a,c,d€R}_

a
d
c c 0 00
+< 0 O>+<d0 0>€M2x3(]R)]a,c,de]R}—

0 00
+d<1 0 0>€M2X3(R)\a,c,d€R}:

1

0
/{110 01 1 000
“\looo)>\oo0oo0)"\100

énAaén o urnoovvoilo V ovuminter pe 1ov undywpo ou May3(R) o onoiog mapayetar ano oug 2 x 3

wak 110 0 11 000 KAl ETOUE vat undywpog tou Moy 3(R)
mvares | o 0 0 1o 0 0 )\ 1 o0 o ) 1EmORévES elvat undxapog tou Maxs(R).
(2) Hapampovue ou 10 unbevikd Sravuvoua tou R-Gravvopatkov xopou Maxs(R), énidadrn o undevikdg

2 X

3 mivarxag, 6ev avnketl oto vmoouvodo W kar enousvag to uroovvoio W Sev eivar utdxwpog tou

Moy 3(R).



12
‘Acknon 18. Zrov R-Siavvopatins yopo R3, 9swpovus ta Sravvouara
r=(1,1,0) xar ¥=(2,1,1)

Na Bpedei wa avaykaia kat ucavr) ovvdnkn étor wote 1o biavvopa Z = (a, b, ¢) va avijket otov undyxwpo (Z, J)
U R3 o omnolo¢ mapayetat ano ta Siavvouata T Kkat i.

Avon. 'Eow ouZ = (a,b,c) € (X, 7). Tote unapyxouv mpayuatukoi apduoi A\, k € R, éto1 wote:
Z=(a,b,c) = AT+ rky=N1,1,0) + k(2,1,1) = (A, X,0) + (2k, K, k) = (A + 26, A + K, k)
Enopévag 9a gxouvue:
A+26=a, IN+K=b K=c
Agaipavtag v 6eUTepn OXE0N ATO TNV TN, EXoUus kK = a — b kat dpa anod v i énctat otta — b = c 1
a=b+c
Avtiotpoga, éot® 6t yia 10 Sdvvoua 7 = (a, b, c¢) € R3, woyvet onia = b + c. Tote
(a—2¢)T+cy = (a—2¢)(1,1,0)+¢(2,1,1) = (a—2¢,a—2¢,0)+(2¢, ¢, ¢) = (a—2¢+2¢,a—2c+c,c) = (a,b,¢c) = Z

H teflevtaia oxéon beixver 1o bidvvopa Z = (a, b, ¢) avrket otov undywpo (T, i) tou R3 o omolo¢ TapdyeTal ano
ta Sravvouata T kat .

Enopévag: 1o &wavvopa Z = (a,b,c) aviker otov unoxwpo (T, ) tou R3 o omnolo¢ mapdyetat ano ta oia-
vvouata T kat i av kat uovov av a = b+ c.

‘Aoknon 19. BGewpovue tov sravvouatikd ywpo My (R) mave ano o R kat ta napakdie vroovvoia tou:

\7:{<2 ‘;) EMQ(R)|a,b6R}

wz{@ cjd> EMQ(R)|c,dER}

(1) Na 6eydei 6u ta vrnoovvoida V kar W givar unoxwpot tou Mo (R).
(2) Na Boedei n popgn twv otoyeiov tou uroyxwoeou V MW,

Kat

Auon. (1) 'Exouue

6niaédn oV mapdyetar ano t1oug wivakeg

(o) = ()
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Iapopowa:
0 c

(d C+d)€M2(R)]c,d€R}
0
0 +

- {

= {( z> (2 2>€M2(R)|c,deR}
{c(8 D+d(? (1]>€M2(]R)\c,d€R}

- ()G 1)

éniabdn o W mapdystar ano toug mivareg

G1) = ()

Zvvenag otV kar W eivar unoywpot tou My (R).

(2) 'Eoiw A = < CCL Z ) e VNW, éndadén A € V kat A € W. Tote xouue

AeV = a=0 xat b=c
AeW = a=0 kat d=c+b=d=2b

Kxat doa A = (2 2bb> . Enopgvag n meptypagn tou vroyapou V N'W glvar n axdiovdn :

\mw:{@ 2bb>eM2(R)|beR}:{b<(1) ;)eMz(R)IbGR}Z«? §)>

Hapatipnon. H ‘Aoknon 19 [6nwg kat o1 Aokrioeig 12 kar 17(1)] 9a unopovoe va Auvdei kat pe xpron tou
Optopov. H mapanave Avon beiyvel emmpdodeta ou ta avvoia V kar W eivar umdxwpot ot omoiot mapdyovtat
ano ovyKekpiuéva d1avuouata.

YrievOunidoupe Ott, yevikd, n éveorn unoxopwv evog dtavuopatkou xopou € dev gival undoxmpog tou E.
H endpevn ‘Aoknor) 6ivel évav XapaKtnplopo yld 10 TOTE 1 Evor] U0 UnoX®peVv evog H1avuopatikou X®Opou
etval unox®pog.

‘Aoknon 20. 'Ectw € évag K-6iavuouatucdg ywpog vnepdve tou oouatog K kat V, W 6vo vrndywpol tou. Na
O¢iete ot ta axkoAovda sivar wwodbvvaua:

(1) H évwon VU W v cuvéieov V kar W eivar undywpog tou €.
(2) Eite VCW ¢gite WC V.

Na ovunepavete ou 6ev vndpyet K-Sitavuouatindg xwpog o onoiog givat Evwon SU0 yunolov UTOX®@POV ToU.
Avon. (2) = (1) AvV C'W, wte mpopavag VUW =W, kai apa n évwon VU W eivar unoxwpog 616t o W
eivat unoywpog. Iapduoia av W C 'V, 16te mpogpavag VU W =V, kat doa n évwon V U W elvar utoywpoc
61611 0 'V eivat umoxwpog.

(1) = (2) 'Eoww oun évoon VU W tov ouvdiwv V kat W eivar unoxepog tou €.

(1) Yrodérouue ou'V ¢ W. Tote undpyer éva siavvopa T € V 10 onoio sev aviiker otov W: @ ¢ W. Oa
beifoupue ouW C 'V,

e Ocwpouvue tuyov dravvoua ij € W. Ba beifovuc oty € V.

Tpayuatka tote 1a Stavvouata T, i avikouv mpogaveg otnu évwon V U W. Emeidr to ovvodoVN'W eivai
Uy wpog tou &, enetai Ot 1o diavvoua T + i avrket otnu cvwon V N'W. Enouévag

gite (a) T+yeEW n (b) ZT+yeV
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(a) AvZ+y € W, wote enedn yj € W kat to W elvar undywpog, 1o swavvoua (Z + §) — § = & 9a avrket
otov W. Auto duwg eivar atomo 6o & ¢ W.

(b) ApaZ+y € V. Tote enaibr} & € V kar 10V eivar undxwpog, 1o siavvoua (T + §) — & = § 9a avijket
otov V. ‘Apa 6eifaue ot 10 Siavuoua iy tou W eivar kat Stavvoua tou V.

Enouévag beifape ouav'V ¢ W, téte avayraotkd 9a éxoupe W C V.

(1) AvW € V, t6te gpyaldusvor napduoia Seixvoupe ot tote avaykaotkd da éxoupe V C W. ‘Apa beifape
oueite VCWelte WC V.

'Eotw 'V, W 6vo yvrjoor unoxwpot evog K-srtavuouatikov yapou €. Av € = V{JW, t6te eneibr) n évwon
VW eivar undywpog tou €, and 1o mpato uépog mpokuvmnier ot eite V C W gite W C V. 'Ouwg av’V C W,
0te VW =W kat doa 9a épovue € = V| JW =W kat avto eivar aromo 616t o undxwpog W eivar yvrjoiog.
Mapopoia, av W C V, wte VW =V kar doa 9a éxovue € = VYW = V ka1 avto eivar arorno &0t o
unoxwpog V eivar yunotog. Enousvag katainfaue oe atomo umodétoviag Ot UTdOXOUV YUHoloL UTIOXGPOU TOU
€ v onmolwv N évwon ouuTintet pe oV €. Zuumepaivovue OtL Sev UTLAp)EL SIAVUOUATIKOS XOPOS O OTolog sivat
V@O 6UO YUNOI®V UTIOX WP OV TOU.

‘Aoknon 21. 'Eotw 0t € eivai évag S1avuouatkog xweog utepdve tou oopuatog K, onov K € {Q, R, (C}, Kat
éotw ot V1, Vo, V3 elvar undywpot tou €. Na betydei ote:

E=ViUVyUVs — Jk=1,2,3: Vp,=¢&

onAadn dev unapyel K-diavvouatinog xopog o omoiog givatl Evwon 1LV yUHolov UTOX®POV TOU.

Yrapyxouvv duwg oouata K ¢ { Q, R, (C} rar K-6iavvouartikoi yepotr ol omoiot givar évwon ooV yunoov
UTIOX @O @V.

Avon. (1) Yrodcroupe ou' Vi C Vo U V3. Tote € = Vi U Vo UV3 = Vo UV3. Tote n évwon Vo U V3
givat utoywpog ou & kat dpa and ty 'Acknon 20 énetar o1t Vo C V3 Vs C V. AvVy C V3, 1012
moopavag & = Vo UV3 = V3. Av'V3 C Vs, 101 mpogavag € = Vo U V3 = V3.

Iapouoia av'Vy C V1 UV3, t0te moorvmiet ot € =V, 1 € = V3, katav' Vs C V1 UV,, 1d1e mpokumiet
oué :Vl 17'8 :Vg.
‘Apa beifape ot av évag anod toug umoywpous Vi, i = 1,2, 3, mepigxetar otnu évwon tov U0 dAdwov
UTIOX GP @V, TOTE KATIOOC amo 10oug Uty wooug V; ouurintet ue tov E.
(2) Yrmodérouue ot kavévag ano toug urnoywpoug Vi, i = 1,2, 3, Sev nepigyetatl ot évwon tov vo diAwov
Umoxwpwv, dndadn:

V1 gVQUV3, Vo QV1UV3, Vs g_leVQ (*)

I6waitepa avto onuaiver ou kai ot woeig unoywpor V1, Vo, kar Vs eivar yunotot. Me Bdon tu tapandve
unodeon Ya katajnovue oe aromo.

Eotw @ ¢ V3 kary € V3\ V1 UVy (undpxet éva tétow § 61ou Vs € Vi UVs). Mapatnpovue ou & # 0
st av & = 0 t6te mpogavwg 9a eiyaue ot & € V3 6ot 1o ovvoio Vs givat utoywpog. Bewpouvue 10
ovvojlo

A={j+rFcE|0#KeK}

10 omolo Exet ameipo mANdo¢ atoyeiwv. Tpdyuatt, av to ouvodo A yet memepaouévo TANdog otoLyeiwy,
101¢ y1a ti¢ Sragopeg tiusg 1ou 0 # k € K, ot onoigg eivar aneipoeg oe mandog 610t 1o ooua K éxet amsioo
ANd0¢ un-unbevikwv otoyeiov, 9a émpeme va urdpxouv un-undevika otoieia ki, ke € K ue K1 # Ko,
E101L WOTE J + K1 T = § + ko, TOte mpo@avaeg 9a éxouue k1T = koX dnAabdn wobvvaua (k1 — k2)T = 0.
Eneibn k1 # ko, énetar ou 9a éyoupe T = 0 kar auto eivat dromo.

Enaibn A C € = V1 UV U V3, énetar ou touddyiotov gva ek tov V1, Vo, V3 9a mpénet va nepigyet
anepo nANndo¢ dlavvoudi®v ta onornia avnkouv ato cuvoido A. Ba éyouue:
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(@) 'Eoww ou o unoxwpog V3 mepiéxet kai éva diavvoua z € A dapopetikd ano 1o ij. Tote umdpyet
0 # k € K étot wote 7 = i + ki € V3. Eneibn i € Vs rat 1o ovvofo V3 eivar undywpog, £netat
ou ki € V3. Enadn k # 0, 9a éxovpe 6ud = 1-7 = (kv 'k)T € V3 kat autd eivar darono. ‘Apa o
umdxwpog V3 Sev UTOPEL va Teplgx el ATelPo TANYO¢ S1avUouUdI®L Ta onoia avykouv 0to UTooU10
A.
(B) 'Eoww ou o umdyxwpog V1 1 0 undxwpog Vo mepigxet bvo Siavvouata 7, W € A ue 7 # w. Tote
umdpxouv un-unbdevika otocela ki, ke € K, avaykaoticd ue k1 # ko 61011 Z # W £tot wote:
Z =19+ KT kat W = § + keZ. Tote emeidn 10 unoovvoio Vi 1} 1o unoovvoo Vs elvarl utoxwpog
9a &youvue avtiototya Ot 10 dravvoua
(k2 — K1)Y = Ka(J + K1Z) — K1(§ + Kol) = KoZ — KW
avrjket otov urdxwpeo V1 1 atov undxwpeo Vo. Eneibn ke — k1 # 0 mpokumiet t0te 0Tt 10 Srdvuoua
i avnket otov undxwpo V1 1 otov uroywpo Va. Auto glval atomo anod v eniloyn tou .
Enougvag ot kade mepintwon n unodeon (x) pag oényei oe atomno.
‘Apa n povn Suvvam ekboxn elvar ot évag ano toug urdxwpoug V;, ¢ = 1,2, 3, mepiéyetar otnu vwon tov
6U0 dAAwL UTOY PV 1 1005Uvaua ot Kdmolog¢ amod toug umdxwpoug V; ouumintet ue tov €.
H naparnave anddeiln Baoifetar oto yeyovog o 1o ooua K € {@,]R, (C} &xet anepo mANdog oo Eiw.
Yrodétoupe topa ot K = Zy = {[0]2, [1]2}. 10 oopa 1ov kAdoewv unofoinev mod 2, 1o onoio éxel 2 otoweia.
kat éote o K-Stavvoparikog yaopog & = K2, Tote

& = {([0]2,[0]2), ([0]2; [1]2), ([1]2,[0]2), ([1]2,[1]2)}

®ctouue:

Vi=(([0]2,[1]2)), V2 ={(([1]2,[012)), Vs ={(([1]2,[1]2))
va eivar o1 unoxwpot tou € ot onoiot napayoviar and ta &avvouara ([0)2, [1]2), ([1]2,[0]2), xat ([1]2, [1]2)
avtiototya. TOte MPOPaAVWOC EXOUUE:
E=ViUVyUV3

Enouévwg, av 1o ooua K éxet nemepaopévo mindog ortoiyeiowv, 10te UTA)OUV S1avucuatkol xweot & umepdvw
tou K ot onoiot givat vwon o1V uToxwP .

Hapatipnon. Ilapawpovue ou, ovupova ue v ‘Acknon 20, avedomta and 10 cwua K, ev unapyet
Sravvouatikog ywpog unepave tou K o omoiog givar evwon U0 yunowv umdxwewv ou. ZUugova ue mu
‘Aoknon 21, e€apratar ano 1o owua K, yia tu akpibeia ano 1o av tAndog twv oToLyei®v ToU lval Tenepacuevo
71 dTelpo, av urtapxel Slavuouatikog xwpog urtepdve tou K o omoiog givatl évwon 1p1ov yunotev Undx@pov Tou.

‘Aornon 22. 'Eotw € gvag dravuouatikog xwpog utepave tou ocouarog K xat eotw {Vi};)io wa oujfoyn
UTIOX 0PV ToU € €101 OOTE !

Vo CVL CVy C v CVp C Vg1 C -

Na beixd¢ei 6t n évwon V = | J;~ Vi elvar évag unoxwpog tou .

Avon. Eneasn kade V;, i > 0, eivar unoywpog tou &, 9a éxoupe 0 € V;, Vi > 0, kat emopévag 0 € V.

'Eote T, i 6vo Siavvouata tou V. Tote undpyouv beiktec n,m > 0 étot wote ¥ € V,, kar§j € V. @roviag
k = max {n, m} énetar ouV, C Vi xat Vy, C Vi kai enopévag T,y € Vi. Eneén oV, eivar unoxwpog tou
E, énctaroud +y € V. Eneibn Vi, CV, 9a éyovue £+ € V.

Tefog, éotw A € K kar & € V. Tote unapyet Seiktnge n > 0, étot wote & € V,,. Eneibr; o'V, elvar umoxwpog
tou &, énetarou A - ¥ € V,,. Eneibri V,, C 'V, 9a éxovue A - £ € V.

Ao ta mapanave £netat ot 1o umoovvoio V eival évag umoxwpeog tou E.

‘Aoknon 23. Na mpoabioptotovv 0ot o1 Sravuouatikol xwpeot & ot omoiot tkavomolovy v akooudn 1biotnta:
Av VW egivar undywpot tou &, 10te: eite VCW egite WCV ()
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Avon. 'Eow & évag K-6iavuopatinds yapog o onoiog ucavonoiei tyu ibiotnta (T).

Av € = {6 } 101€ TPOPYAVAS 0 UOVOG UTIOX WPOG Tou € givat o €, 0 oToiog CUUTIITLIEL e TOV UNEEVIKO UTLOX GO
{6 } Kat n 6oma (1) cavonoweitar tetpupéva.

Ynodétouue ou € # {6 } Tote umapyet éva un-undevucd Sravvoua & € €. Oa deifouue ot

E=(Z)={kT €l |keK}

Anfabn 9a 6eifoupe ou kade K-biavvopatkog ywpog o onoiog tkavonotel mu bomnta (1) ovuminter pe tov
UTIOX®PO O OToIl0¢ TTtapayetal ano Kade un-undeviko Stdvuoud tou.

Eoww § € &, ka éoww (J) = {kj € € | k € K}. Tote and mv 1516wra (1) éxouvpe: eite (E) C (§) eite
() C(T).

(1) Av(y) C (), ey € (Z).

(2) Av(Z) C (¥), W01 ¥ € (§) kat dpa vrdpyet k € K érot wote ¥ = kij. Enebn & # 0 énetar ou k # 0

Kat 101e 9a éxouus: if = k1T € (F).

‘Apa oe kKade mepintwon § € (T') kar emopeveg € = (T).

Avtiotpoga, é0tw ou € eivar évag K-6tavvouatinds x@pog yia tov onoio woxver ou € = (I'), yia kanow & € E.
Ba 6eifoupe ou wxver n 1610tta (1), beixvovtag o ot uovor undywpot tu € eivat ot {O} rkat €. 'Eoww V évag
umoxwpog tou & kat umodétouue o'V # {6 } Tote unapyet éva un-unbeviko swavvopa yj € V. Enebn € = (I),
9a éyouue § = kT yia kamow k € K 10 onoio sivar un-unéeviké 6161 siapopetid 9a sixaus i = 0 10 omoio
givar aromo andé mv emAoyn tou §f. Tote 9a éxouue T = k=15 € (if). Av Z € €, 61 9a éxoups Z = AT xar
Wie Z = N¥ = MNky = (\k)y € (§). Autd onuaiver ou € C (§) xat enopeveo € = (§). Enebn y € V, 9a
gxoupe mpopavag (§) C V kai emopévog katainyovue ou € C V, éniabn & = V. Enopéveg beifaue ot o
uovot umoywpot tou & elvat ot {O} rxat €. Tpopavag 10te tkavoroeitar n ovvdnkn (1) otov €.

Zuvoyilovtag, beifaue ot ot povor K-sriavvouatikoi yapot ot onoiot tcavorowovv mu botnta (1) givai® ot
K-&tavvouarticol yapot ue dvo vrnoxwpoug {6} rat €, wobvvaua ivat gite 0 UNbEVIKOS X WOEOG {6} elte Kade
K-6tavvuouaticog xwpog € yia tov onoio woxvet 6t € = (I'), yia éva (1) kade) un-unbevikd diavvoua ¥ € E.

‘Aoxknon 24. 'Ecte Ty, T1,Te, -+ ua akojouvdia Siavuoudiov evo¢ S1avuouatikov xwpou & umepdve Tou
owuarog K. Na beiydei ot 1o umoovvoo
V= {Ailfil +)\i2ii"1'2—|—"'+)\infin c & | )‘ij € K, ij >0,1 §]§n}
elvat évag undxwpog tou E.
Avon. Octouue:
v0:<f0>7 V1:<fo,f1>, V2:<fo,f1,.f2>, """ ) VTL: <$0,x1,$2,"' 7337’L>>
Eneidn
{Zo} C {0, %1} C {0, @1, T2} C -+

énetar eukofla, SAéne kat tnv ‘Aoknon 25, ou:

Tote ano v ‘Aoknon 22 mpokumteL OTL TO UTTOOUVOFI0 Uz‘zo V; elvar évag unoxwpog tou €. loxupilopuaote ou
V= Uizo Vi. Hpaypatika éotw & € 'V, 101e ¥ = N\j, Tiy + Niy Tip +- - -+ N, Ti,, , YIQ KATIOIQ Ai; € K, omovij > 0,
1 <j < n. Ggroviag k = max{il, 19, ", zn} énetat ou {a?'il,fh,--- ,fl-n} C {a?’l,fg,--- ,:E'k} C V. C
Ui>o Vi Emeidn to unoovvoo | J;~ Vi eivar unoxwpog, énctat ot & € | J;~q Vi wat enopévagV C | J,~q Vi.
Avtiotpopa, £0tw T € | ;5o Vi. Tote undpyer kamoiog Seiking n étor wote & € Vy, = (Zo, 1, ,Ln). EE
0p1opol 10te T = N\gZo + M T + - - + Ay, AutO onuaiver ot & € V kai emopLves Ui Vi € V.
Am6 ta napanave énetar ou'V = | ;s Vi eivar évag unéxwpog tou E. -

4@a doune apyotepa 6t o1 povor K-diavuopatikoi xmpot ot oroiot iwavortoiouy my wotta (1) eivar efte 0 pndevikog unoxwpog
eite kaBe K-Sravuopatikog xopog pe diaotaor ion pe 1, 6ndadn, pe akpiBela wopoppiag, o cwpa K.
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YrievOupidoupe ot av € évag Siavuopatikog Xwpog urepdve tou oopatog K, kat X = {:E'l, Lo, ,Tp
éva menepacpévo ouvodo Stavuopdtev tou €, Tote 01 akdAoubsg rpddelg emi tov davuopdiav I, Lo, -+ , Tn,
Kalouvial oTolXe1mdelg npageig emni v Stavuopdtwv tou cuvodou X:

(1) Avrkardotaon tou dlaviouarog  ¥; e 1o didvuoua T; + ATj:
VAeK, Vi,j=1,2,---,n: Zr— T + \Tj
(2) AuoiBaia evarayn Twv dlavucudtwv  I; Kal Tj:
Vi,j=1,2,---,n: &+ Tj
(3) Avrikardoraon tou diavUioparog I; ME TO SIAvuoua  AT;:
YAEK, A#£0,Vi=1,2,---,n: Tjr— \T;

YrievOupiloupe 6ti: o unoxwpog tou € o oroiog rapayetatl and ta Siavvopata Ty, T, - - - , L TIAPAPEVEL
ApETABANTOg Hetd amod VvV epappoyr Menepaciévou mAnboug otoxeiwdmv mpdiemv em twv davuopdtav
T1,L2, " ,Tn.

YrievOupiloupe 6t av B C A eivat éva urioouvolo tou cuvorou A, tote:
A\B={acA|a¢ B}

ouBoAiel To 0UVOAO TV otoxXeimv Tou A ta oroia Sev avikouv oto urtoouvolo B.

‘Aoknon 25. 'Eotw & évag Siavvouatikog xwpog unepave tou oouatog K, xat X = {a?l,a?g, e ,fn} éva
nengpaopsvo ouvoilo Sravvoudiov tou €. Zuubofilouue ue (X) = (T, Za,- -+ , Tp) 1OV UTOX@PO TOU € 0 OTOI0g
mapdystal ano ta S1avvouata Xy, Ts, - - - , Ly 1ou ovvdiou X.

(1) AvY eivar éva tuyov vroovvoo tou X, wdte: (Y) C (X).
(2) AvY eivar éva nenepaousvo vroovvoo tou (Y), wre: (Y) C (X).

—

(3) Avumapyeri =1,2,--+ ,n: &; € (1, -+ ,Ti1,Tix1,"** ,Tn), 1OTE:
(T1, - i1, Ty Tig1, 0 5 Tn) = (T1, 0+, Tie1, Tig 1,000 5 Tn)
(4) 'Eotw ou 'Y eivar éva nengpaousvo urnoovvofo tou X kair umodetoupe Ot kade diavuoua tou Y avrket
0t0V UTIOY PO 0 omoiog Tapdyetat ano ta sravvopata tou vroovvoiou X\Y, énidaény C (X\Y). Tore:

(X) =(X\Y)
Avon. (1) Xwpic BAAEN ¢ yevikoTNIag®, UIOPOUuE va Umodéoouus ot 'Y = {3_5’1, o, - - ,i:’k}, yia Kdamoio
k=1,2,---,n.
'Eote § € (Y). Tote undpyouv A1, Ao, -+ , A\, € K étor wote: ¥ = M T + AoZa + -+ + ATk kat
0t€:
¥=MZ+ XoZo + - + NeZp = MT + XoZo + - + MeZk + 0Zpq1 + -+ - + 02y, € (T1,22,- -+, &p) = (X)
Apa (4) € (X).
2) EotwY = {§1,%, - ,¥n} C (X) éva nengoaouévo unoovvoo tou (X), kar éoto § € (Y). Tote
UTApXouv A1, Aa, - -+, A\, € K étot wote: §f = M + Noto + -+ + Ap¥m. ©Oa beioupe ou: i € (X).
Enebn, Vi =1,2,--- ,m, §; € (X), énetar 0u umapxovv a;1, a2, - , 4y € K 10t dote:
n
Ui = anZ1 + aip®y + -+ + QinTy = Z @ik T
k=1
Tote 9a youvue:
n n n m n
J= MG+ Xody -+ Anfn = A D aedr + Ao Y aokFr A+ Am Y amkBr = D Ni | Y anF | =
k=1 k=1 k=1 i=1 k=1

5T napadetypa epappodoviag Tig ototXelndelg npddelg & <— &5 ot oroieg 8ev aAAddouv Tov UNOXK®PO O OMOiog ITAPAYETAL AITo
1a eprmAekopeva Siavuopata.
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Z (Z )\iaik> Ty = ( )\iaﬂ) T+ < )\i(LiQ) To+---+ (Z )\iam> T, € <DC>
=1 =1 =1

k=1 \i=1
Apa () C (X).
(8) 'EcwY = X\{xl} = {xl, Ce T, Tl xn} Eneibr; and v unodeon &; € (T, -+, Ti—1, Tit1, - -
EmeTal 0Tl UTAPYOUV APIOUOL K1, -+ + , Ki—1, Kit1, " , Kp ETOL WOTE:
T = K11 + -+ Kim1@io1 + K@i + o Kedy (*)

Eneibn’y C X, ano 1o uépog (1) enctaron (Y) C (X). 'Eoww & € (X). Tote umdoxouv A1, Az, -+ , A\p €
K érot wote:

—

T=MNT1+ XoTo + -+ Ny + - ATy ()
ATo g oxeoeis (x) kat (xx), emeta O:
T= M1+ A2+ + N(K1 1+ + K11 + K1 Tt + 0 Kp@n) + 0 AgTn =
= ()\1 + fil)\i)fl +---+ (/\1_1 + Iii_l)\i)fi_l + ()‘i-i—l + Hi+1/\i)fi+1 +---+ (/\n + /in)\i>fn S <y>
‘Apa 6beifaue ou (X) C (Y) xar enopévag
(X) = (¥)
(4) Ano ta péon (1) kar (2), énetar ou (X \'Y) C (X). Oa beifoupe ou (X) C (X\'Y).
'O 0to uépog (1), xwpic BAAEN NG YeVIKOTNTAS UTOPOUUE VA UTI0DETOUUE OTLY = {:E'l, To, - - ,:Ek},

ya kamow k = 1,2, -+, n, kat emopevog X \ Y = {fk-+1, e ,:i"’n}. Emneibn and v unodeon kade bt
avuoua tou uroouvoiou Y avrker otov undywpeo tou € 0 omolog Tapdyetal ano ta Slavuouara tou
unoovvofou X'\ Y, énetarouVi = 1,2, |k, umdpxouvv a; k41, Qik+2, -+, Ain € K étot @018
n
Ti = Qi 1 Thoy1 + ik 2Thy2 + -+ ATy = Z a;jtj, 1<i<k (1)
j=k-+1
'Eotw tpa ¥ € (X). Tote unapxouv apiduoi A1, Aa, -+ , A\, €101 GOTE:
T=MT1+ -+ MNeTr + M1 T + -+ AT (1)

A6 ug oxéoeig (T) kar (1), 9a épouvue:

F=MT1+ o+ Mok A N1 Tt + -+ A =

n n
=\ Z aljfj 4+ A Z akjfj + )\k+1fk+1 + o AT =
j=k+1 j=k+1
= M(a1pp1Thp1 + -+ a1n@n) + -+ Ml rp1Trp1 + -+ Qpn@n) + Mg 1Trp1 + -+ AnTp =
= (Maipg1 + - F Mkt + Mot 1) D1 + -+ (Main + -+ Mt + M) Tn € (Tpgr, -+ Tn = (X\Y)
‘Apa beifape ou (X \ Y) C (X) kar emopevag:

(X\¥9) = X)

‘Aoknon 26. Na Bpedei 0 undywpog Tou tapdyetar ano ta Savvouata (3,5, —4), (—3,—2,4), (6,1, —8) wouv
R-81avvopaticov yopou R3.
Auvorn. Ocouue
¥=(3,5,-4), y=(-3,-2,4), Z=(6,1,-8)
ITapatnpouvue ot
Z= (67 1, _8) = _(37 5, _4) - 3(_37 _274) =—-Z- 3g
ZUupwva ue 1o ugpog (3) e ‘Aoknong 25, énetar ou
<fa 7, Z) = <f7 g)
Tote Ya éxoupe L axoAoudn Teptypadn tou unoxwpou (T, Y, Z):
(#,5,2) = (&,5) = {MF+ MG eR* [\, €R, 1 <i <2} =

={\i(3,5,—4) + Ao(—3,-2,4) eR* | \; eR, 1 <i <2} =
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= {(8A1,5A1, —4A1) + (—3X2, —2X2,4N0) € R? | N, € R, 1 < i <2} =

= {(B\1 = 3X2, BA — 2o, —4X; +4X) €RP | N, €R, 1 < <2}

‘Aornon 27. 'Eoww Ot aj,az, - ,ay, gvat otoyyeia evog ooparog K, kat 9ewpovue 10 arxddovdo uroovvoio
tou K-S1avvopaticov yaopouv K :

n+1
V= {($1,I2, Ty Tpg1) EKTT | mpg = a1y +agwa 4+ a1 w1 + anl“n}
Na Se1dsi 611 10 unoovvodo V eivar évag unéywpog tou K,

Avon. Ieprypagouue avaiduvtuca 1o uroovvoio V:

_ n+1 _ _
V= {(.%1,562, ce axnaxn—i-l) eK | Tpyl = 0121 + 2T + -+ - Ap—1Tp—1 + anxn} =
1
= {(2z1,22, * , Tn, 121 + Q2T + - Ap1Tp—1 + anzy) € K" | 21,20, , 3, € K}
'Ouwg:
(T1, 22, , Tp, @121 + Q2T + -+ - Ap—1Tp—1 + AnTy) =

= (21,0,0,---,0,0,a121) + (0, 22,0, --,0,0,a222) + -+ + (0,0,0,- -+ , 21,0, ap_12n_1)+
+(0,0,0, - ,0,2p, apxy,) =
=x1(1,0,0,---,0,0,a1)4x2(0,1,0,---,0,0,a2)+- - -+x,—1(0,0,0,--- ,1,0,ap—1)+2,(0,0,0,--- ,0,1,ay)
Bswpavtag ta axdfovda Siavvouara tou K :
a, =(1,0,0,---,0,0,a;1), day=(0,1,0,---,0,0,a2), «----- , Gn—1=1(0,0,0,---,1,0,an-1)
an, = (0,0,0,---,0,1,ay)

9a gxouvue:

(x1,m2, -+, Tp, 0121 + Q2T + -+ Ay 1Tp—1 + ApTp) = D101 + T2z + -+ + Tp_10y—1 + Tplp

Kat EMOUEVDC:

n+1
V= {(z1,22, + ,Tn,a171 + a2 + - p_1Tn—1 + an®y) € K" | 21,29, 1, €K} =
— a Gy - - - - a o c Kt K =
= {2181 + 22l + -+ + Tp 181 + Ty € | 21,22, 2 €K} =
= <6L1, az, -+, CLn>
AnAabdr o ovvofo V eivar 0 umOxwpPog Tou K" o omoiog Tapdyetail ano 1a 61avvouala ai, do, -+« , Qnp.

‘Aoknon 28. 'Eotw A(R) 10 ovvofo twv akofoudiov npayuatikov apduov. Zro A(R) opilouue mpoodeon
+ : AR) x A(R) — A(R),
((an)nens (bn)nen ) = (@n)neN + (bn)neN = (an + bn)nen
Kkat Baduwto noAdaniaciacuo
- RxAR) — A(R), (A (an)nen) = A (an)nen := (Aan)nen-

(1) Na beydei ou n owaba (A(R), +, ) amotefei R-Stavvopatko yapo.

(2) Ag givai Ax(R) 1o umoovvofo tou A(R) mov anaptifetar ano tig axofouvdisg wou ouykAivouv og kATolov
npayuatkd apduo. Ioieg yvwotés mpotaocels 10U Angipootikov Aoyiouov efaopaiifovv ou 1o Ax(R)
elvar évag Sravvopatucog undxwpog tov A(R);
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Avon. (a') Yrevduulouue 1o axoAouvdo yvwoto anotéAoua ano m Oswpla:

«'Eotw ou S eivar éva un kevd ovvoio kar ou (V,+,-) evar évag K-6iavvouatinog xyaopog. To ovvofo
Map(S,V) := { f:95— \7} v ancucovicewv and 1o S oo V anotefiei cvav K-6tavvopatiksd yopo ue moaln
TPO0dEONG:

+ : Map(S,V) x Map(S,V) — Map(S,V),(f,9)— f+yg

onov f + g elvar n aneucovion wou opiletal g
f+g9g:8S—V, s—(f+9)(s):=f(s)+g(s),VseS
Kat mpadn Baduwtov roAAanfaoiacuov
-1 K'x Map(S,V) = Map(S,V),(\, f) — X f,
omou A - f eivar n anetkovion mwou opiletat w¢
Aof:S—V, s— (A f)(s) :=Af(s),¥s €S
Emiiéyovtag wg S 10 avvoio tov euotkav apduov N kat wg V tov R-Stavvouaticd yopo R, gxovue ot:
Map(N,R) = A(R)

Ipayuat unopovue va tavtioovpe ta ovvoia A(R) kar Map(N,R) wg efrig. Av (an)nen € A(R), w0t 1
axofouvdia (an)nen 0pier pua aneikovion a: N — R, omov a(n) = a,. Avtioooga, av f € Map(N,R), wte n
aneucovion | opier pua axofovdia (an)nen € A(R), omou a,, = f(n).

Enougvag n owaba (A(R), +, ) eivar évag Srtavvouatikdg xopog unepdave tou R.
(B') I'ia va beifouue ot 1o ovvofo Ax(R) eivar undywpog tou R-stavuouaticov yaopou A(R), mpénet va eSaopa-
Ailoovue:

(1) 'Ou 1 Ax(R) eivar un kevo. Ipayuat 10 dpio kade otadepnc arxooudiag TPAYUATIKOY apdUMD,
oniaén kade axofovdiag trig pop@rc (a;)ien,a; = ¢ € R,Vi € N, givar 0 apdudg c. Zvvenag, ot
otadepég axofouvdieg avrkouv oto Ax(R) kar yi' auto bev givar 1o Kkevd ovvoo.

(2) 'Ow, av (a;)ien € As(R) rat (bi)ien € Ax(R), te kat n akofovdia (a;)ien + (bi)ien € Ax(R),
oniaén ou av n axoflovdia (a;)iecn ovykiiver otov 1 € R ka1 n akofouvdia (b;);en ovyriiver otov
ro € R, 1012 10 ddporoua toug (a;)ien + (b;)ien ovykiver otov 11 + o € R. Zvvenaog 1o Ax(R) eivar
KAe0t0 w¢ mpog v mpoodeon wou (A(R).

(3) 'Ow, av (ai)ieny € Ax(R) rat A € R, tte kar n axofovdia X - (a;)ien € Ax(R), dniadn ou av
n axofouvdia (a;)icn ovykiivet otov r € R kar A elvar évag mpayuatikds apdudg, te 10 Baduato
ywouevo A - (a;)ien = (Aa;)ien ovykiiver otov A\r € R. Zvvenag 1o Ax(R) eivar kKieioto wg¢ mpog tov
Baduwto rojdarniaciaoud nov opiletar oro A(R).

‘Aoknon 29. Na efetaotel oo and ta enopeva vmoovvoia tov R-&wavvouaticov xopou M, (R) twvn x n
mvdakov pe otoryeia ano o R anoteiel unoywpo ov M, (R):

(1) To ovvoo S, (R) twv ouppetoicdv 1 X N TMWAKOL.
(2) To ovvofo GL,(R) twv avtiotpéyiumv n X n mvdkov.
(3) To ouvojlo TV un avuoTPEEYIUOV N X N TWAKOD.

Avon. (1) 'Eow S, (R) 1o ovvoio twv oupuetpikodv n X n mvdkev, éniadn:
Sh(R)={AeM,(R)|'A=A}

INa va evai 10 S, (R) évag R-undywpog 1ov My, (R), 9a mpémer:

(@) To S, (R) va unv givar kevo. IMpayuat, o tavotikdg n X n mwivakag I, eivar ovppetpkds kaw yt’
avto avrjket oto S, (R). ‘Apa, S, (R) # 0.

(B) Av A, B € S,,(R), éte kat A + B € S,,(R). IHoaypar, {(A+ B) =tA+'B = A+ B. Zvvenay,
A+ B eS,(R).

¥) Av A € Rxar A € S,,(R), éte kar A - A € S, (R). Hodypuaw, ‘(X - A) = X-tA = )\ A. Svvenog
A-AeS,(R).

Enougvag 10 8 eivar évag undywpog tov My, x,(R).
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(2) 'Eow GL,,(R) 10 ovvoio v avuopéyuov n X n mwakov. Ia va givat o GL, (R) évag R-unoxwpog
tov M,,(R), 9a mpémner:

(@) To GL,(R) va unv eivar kevo. IMpayuat, o tavtotikdg n X n mivakag 1, givar avuotpéyog kat yt’
avté avniketr oto GL,(R). ‘Apa, GL,(R) # 0.

(B) Av A, B € GL,(R), t6te ka1 A + B € GL,(R). Autd duwg opeifler va oupbaiver yia 6jloug toug
avuotpeyoug mwivaxkeg A, B. Emiigyovtac wg A wov 1, kat w¢ B wov —1,, o onoiog mpopavag
eivar avuotpeyiuog, éxovue: I, + (=1,) = O. Adfa o undevicdg n x n mivarxag O 6ev avrjker 010
GL,(R), agov 6ev eivar avuotpéyiog. Zuvenag o GL,(R) Sev eivar R-unoxwpog tov M, (R).

(8) 'Eotw T 10 0UvOA0 TV Un avtuopéyiuov n X n mwakov. a va givat 1o T vag R undywpog tou

M, (R), 9a mpémer:

(@) To T va unu givat kevo. Hpayuatt, o undevikog n X n mivakag O, dev givar avtiotoeywpog kai yt'
avto aviiker oto T. ‘Apa, T # ().

(B) Topa 9a dwaxpivovue TepimIOOEL.

(i) tan =1, o xwpog M1 (R) wovtar ue tov xwpo R karto T = {0} (kade un undevuco otoyceio
oU R givar avtiotpéyipo). Mpopavag o T = {0} eivar R-unoywpog tov R.

() Inan > 2, av A, B € T, 101 9a npenet kat A + B € T. Autd ouw¢ ogeifel va ovubaivet
yia ojloug toug un avtotpéyoug wivakee A, B. Emiiéyoviag wge A = (aij) 0V Tivaka Ue
a11 = 1 ka1 oAa ta vnoowma otoiyeia tou ioa ue 0 gyovue ou A € T. Emidgyovtag wg
B = (bij) tov mivaxa pe byy = -+ = bpy, = 1 ka1 0a 1a vndfowra otoiyeia wou ioa pe 0
éxouue ot B € T. (Ot A, B b6ev givar avuotpgyiuor emidn éxovv unbevikée opilovoeg). To
adpoioua A + B 10oUtar pe 1ov tautotikd mivaka o onoiog mpo@avag lval AvTioTPEWIOS Kal
ovvenwg A+ B =1, ¢ T. Zvvendg o T bev givar undywpog tou M, (R).

YnievBupidoupe ot ) topr) ﬂz‘e 1 Vi mag owkoyéveiag {\71}1 eI UMOX®P®V £vOg dlavuopatikou xopou & sivat
unoxmpog tou €. Av X C € eivat éva tuxdv pn-kevo urmoouvolo Slavuopdtey tou €, TOTe 0 UIOX®WPOoS

(X) = ﬂ {V C &0V eivar unéxepog tou € kar X C V' }

8nAadn n topr) g 01KOYEVELAG ARV TV UTIOX®P®V TOU € 01 OIT0101 MEPIEXOUV TO Urtoouvolo X (1) owkoyévela
autr) ev elvatl Kevr) KaBwg repEXel Tov UoXwpeo &), eivat £vag urox®peog Tou € 0 0rtoiog KaAeital 0 uUnéXwpPosg
tou & 0 omnoiog napdystal and 1o urnocuvoldo dravuopdrtev X.

‘Aoknon 30. 'Eow & évag Sravvouatikdg xopog unepdve tou ooparog K. Av X C € eivat éva tuyov un-rxevo
urmoauvoflo Stavuoudiov tou €, 10t

<X>:{A151+A252+"'+Anfn€8‘)\iGK & rieX, 1<i<n, TLEN}
Kat to umoovvoo (X) eivat o puupdtepog umoxwpog tou € o omoiog Tepiéxet 1o uroouvojo X .

Avon. Ocrouue mpoowpivd 8§ = {)\156’1 FXZo+ -+ M, e8| NeK&TFeX, 1<i<n, ne N}, Kat
9a beifoupe ou (X) = 8.
(1) Aciyvouue mpwta ou 10 UmooUvoAo § eival €vag UTOXwEOoS Tou € O OToIog MEPLEXEL TO UTOOUVOAO
Stavvopdtov X kat givat o puikpotepog umoxwpog tou € o omolog mepiéxel 10 X .

Mpogavec 0 € 8 16ul = 0-Z € 8, yia kade Giavvopa T € X. 'Eote T, € S. Téte undpyouv

n €N, A, g, -, Ay € Krat Z1,79,-+ , %, € X, €10t @01e T = MX1 + XoZo + -+ + A\ Tn, kai
urapyovvm € N, K1, ko, -+ ,kn € Krary1, 42, -+ ,Yn € X, €10t OO0t Y = K1Y1 + KoYo + - + EmYm -
Enouévag:

T+Y=MT1+ Mo+ 4+ ATy + K101 + K2l + - + Em¥m

Kat 1o Savvoua T + i aviker e€' optouov oto umoovvoio 8. '‘Eotw A € K kar £ € §. TOte onwg
napanave vrapxouvn € N, A, Ao, -+ A\, € Kkat 1,9, -+ , Ty € X, €101 001e T = A\ T1 + Ao +
<o ApTn. Ba éyouus:

AN T=M\- ()\1f1 + ATy + -+ + )\nfn) = ()\)\1)51 + ()\)\2)5"2 + -+ ()\)\n)fn
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KKat 1o Sravuoua A - T avijket e€’ 0pIOUOU 0T0 UTIOOUVO0A0 8. A0 Ta TAPanave Enetal Ot 1o UTooUvoio 8
elvai évag umoywpog tou € o omolog Tepiéxet to umoovvofo X 6101, yia kade Siavvoua® € X gyovue ¥ =
1-2Z € 8. Téog éotw 'V gvag undywpog tou € o omoiog Tepigyetl 1o ouvoAo Stavuouatov X. Oa beifouus
oud C V. Mpayuat, éotw & € 8. Tote unapyouvn € N, Ay, Ao, -+, Ay € K kat 1, To, -+ ,Tn € X,
&0t ote T = M1+ AoZo+- -+ A\ Tp. Enatén X CV, énctar ou ¥y, To, - -+ ,Tp € V. Enetbr oV sivar
unoxwpog tou &, énctarou \; - &; € V, 1 < i < n, kat enopcvog & = M &1 + AoZo + -+ - + A\pZp € V.
Apa 8§ C V, énidadn o undxwpog S mepigxet 1o ovvofdo X Kat mepigyetal o kKade Unoxwpeo tou & o
omnoiog mepigyet 1o X. 'Etol 0 umOxwpog S eivat o uikpdtepog umdyxwpog tou € o onoiog epigxet 1o X.

(2) 8 C (X). Hpaypau, yvapilouue ot to uroovvoio (X) eivar évag undywpog tou € o onoiog Tepléxet 1o
X. Zupupava ue 1o uépog (2), 9a éxouvue 8 C (X).

(3) (X) C 8. Ipayuan, ¢otw T € (X). Enebn o undywpog (X) elvar eivat €' opiopov n toun 6Aev tev
umOxwpav Tou € ot omoiot mepigxouv To uroovvofo X, énectal Tt 10 T avikel 0g KASe UTox@po tou & o
onoio¢ mepigyet 1o X. 'Onwg eibaue, gvag 1é1010¢ unoywpoc tou & sivat o S, kat doa ¥ € §. Emousveg
(X) Cs.

YrnievBupidoupe ot yevikd 1 éveorn §U0 UnoXwpev evog S1avuopatikou Xopou dev eival urtoxwpog. 'Eote
{Vi}i oy Ha O1KOYEVELD UMOXOP®V ToU Stavuopatikou xopou €. ZupBoAidoupe pe

v~ (Ur)

i€l el
Tov urdXwpPo tou € o omoiog rapdyetat aré 1o uroouvodo Stavuopdtev | J;.; Vi ou €. O unidxepos ;- Vi

Kaleital AOpolopa TV UNOXWPKV TG OLKOYEVELAG { Vi}z. cr

‘Acknon 31. 'Eoww {Vz}l cr Ha OUKOYEVELA UTIOX WP @V ToU dtavuouatikov xapou E. Tote
S V= {T, Ty o+ Fy, €E| T €V, & {in,ig, e in} ST}
i€l
éniadn o unoxwpog Y .. V; anotefsitar ané ofa ta nenepacuiva adpoiopara SlavUoOUATEL Ta omoia avrkouy

OTOUG UTIOX WPOUS TG OLKOYEVELag, Kat elvat o ukpotepog UTOX ®WPOS Tou € 0 omolog Teplex el OAOUG TOUS UTOX G-
poug V; g otkoyévelag { V; }Z eI

ISwaitepa, av I = {1, 2, ,n}, 0TE:

n
D> Vi=Vi4 Vot AV = {F1 +To+ -+ T €| FHEV; 1<i<n}
=1

Avon. Ao mu ‘Aoknon 30, 9érovtag X = ;o Vi, énerar ou:
D V= {0 F A+ NoFiy o+ N, €| Ny €K & Fy € Vi, {inyin, - in} ST}
el el
Av fij € Uz‘e 1 Vi, 0te fij S Vij yia kanowv eiktn 1; € I, kat 10te )\ij -fl-j S Vij. Enouévag 1o mapandveo
ovvoslo ypagetar woobvvaua:
S V= {T, Ty o+ Fy, €E| T, €V & {in,ig, e in} ST}
i€l

Ot vnojlotrot 1o Uptopol TpokUTTouy apeoa ano v ‘Aoknon 30.

YrievOupiloupe 6t av T, o, - , Ty cival éva menepacpévo ouvodo Slavuopdieov evog S1avuopatiko-
U xopou &, tO1e TO GUVOAO {:fl,fz, e ,fn} KalAeital ypappira avefaptnto, av yla tuxovia otoixeia
A1, A2, -, Ap € K oyxtel i ouvenayoyn :

)\1.’31—"-)\252—%-“—1—)\”5”:6 - AM=X=---=),=0
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To cuvolo diavuopdtav {:El, Lo, -+ ,fn} radeital ypappikra efaptnpévo, av dev eival ypappikd avegdp-
1o 1) 1woduvapa, av:

IAL A, A eK: (AL Ao, ) # (0,0,---,0)  kat AT+ Ao@a+ -+ AT =0

‘Aornon 32. A¢ civat

a1l a2 ... alj e A1n

asr a2 ... azj e aon
A=

;1 a2 ... (€77 Qin,

an1 Qap2 ... anj e Ann

évag n X n mvakag ue ovviotwoeg ano eva owua K xat ag eivat

an]’

n j-oot otrfin tov mivaxa A tnu omoia Yewpolue wg Sidvuoua tou xapou twv oA K.

Na berydei 011 10 YPAUUIKO OUOYEVEG OUOTHUA

T 0

T2 0
A-X =0, onou | kat O=1].1,

T, 0

&xet uovo t unbevucn Avon, av Katr uovo av, ot oTnjeg /_fl, /_fg, e ,ffn U A givar K-ypaupxog avelapinia
Srtavvouata 1o ywpou v ommAov K.

AYon. Iapawmpovue ounn-ada (A1, A2,..., Nj, ..., A\p). Ai € K, elvar Avon v ovotripatog:

ailry —+ aprs + -0+ a1;T; + - 4+ apry, = 0
a21xr1 + agexry + -0+ a2;T; + - 4+ agpry, = 0
a;1x1 + aprs + - + ayr; + -+ QipTp = 0
an1T1 + ap2x2 + -+ apjx; + o0+ GppXp = 0

av Kat uovo av,
)\1A1+)\2A2,+'-'+)\jAj+-"+)\nAn:O

Enougvag 1o ovotnua éxet wg povabikr Avon m undevucr Avon (0,0, - - - ,0), av kai uovo av, ta ffb [fg, cee /Tn
eivar K-ypappuxog aveldptnia diavvouata tov dtavvouatikov ywpou K, .

‘Aoxrnon 33. A¢ civar A gvac n X n mivakag ue otoyeia anod éva ooua K. Na 6eiydei ot ta akoiovda eivai
wobvvaua:

(1) O mivakag A eivar avtioteewuog.
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(2) Ot otjfleg 10U mivaka A eivar K-yoauuikog aveldptnia stavvouata tov xyopouv tov otiov K.
(8) Ot ypauués wov mivaxa A eivar K-ypaupxaog avedaotnra diavvouata v ywpou K”.

Avorn. e (1) = (2) Av 0 mivakag A elvar avtolPEYIUOG, 10T YVWPI{OUUE OTL TO OUOYEVEG OUOTNUA
(X): A- X =0, éet uovo mv unbeviky Avon Kkair Wte anod mv ‘Acknon 32 énetar ot ot omAeg ©oU
nivaka A eivai K-ypauuikog aveédaotnra diavvouata v xwpouv K.

e (2) = (1) 'Eow ou ot omjjleg tov mivara A eivar K-ypappucog aveaptnra siaviouara v yaopouv K,,.
Tote ano v 'Aoknon 32 yvapilouue o6t 1o ouoyevég ovotnua (X) : A- X = 0, éxet pévo mv unbevikn
Avon. Ymodétouue ou o mivarag A bev givar avuotpoéyuog, kat 9a katainfovue oe atorno. 'Eotw Y(A)
1 10xUpd o-KAuaket) pop@n touv mivaka A, kat 10te Onwg yvwpiloupe UTAOXOUV GTOLYEOOES N X N
nivakes By, Es, -+ , B, éto1 dote: A\ = AFE\Es - -+ E), 11 10060vaua A = F(A)E,;1 e E;lEfl. To
opoyevég ovotnua (X) yoaperar wote: N(A)E, Lo E; lEl_ X = 0. @ewpovue wov mivara-omin

0
0

C=FEFEy---ExZ, onov 2=

1
rat tapatnpouvue ot C' dev givar o unbevikog mivaxag otmin 6wun o nivaxag K1 Fs - - - By, elvar avt-
OTOEWIUOC (¢ YWOUEVO OTOLY eSOV Tivdkwv) kat Z # 0. Oa éxouue 10te:

)

AC =S(A)E ' Ey'E]'C =S(A)E - Ey B E\Ey - EyZ = X(A) - Z = B(A) -

1
Ipogavag 10 teflevtaio ywiuevo mvakwv Y(A) - Z eivar n n-oot otin tov mivaka 3(A). Eneén o
nivakag X(A) eivar n wyvpa o-kuakow) uopen tou mivaxa A kar o mivaxkag A vnodéoaue ot bev
elvar avnotpéyiuog, énetai ou n tefevtaia omin tou mivarxa X(A) eivar n unbevikr. Autd onuaiver ou

A-C=%(4)-Z=0

Kat enopeveg 1o ovotnua (X) éxet wg un-unbevikn Avon tov tivaka-omin Z kai avto eivat atono. o
arono karainaus vroderovtag ot o mivakag A bev elval avtiotogyiuog. ‘Apa o A eivai avtioto€yipog.

e (1) < (3) I'vwpiouue ot évag n X n mvarag A givar AVTOTPEWIUOG, av Kal UOVO av, 0 AvAoTPOPOS
tout A sivar avtiotpépipog. Zupgova pue mu 10odvvapia tev (1) kai (2), mou udig anodeifaue, o' A sivar
AvTOTPEWYIOG, av Kat uovo av, ot otieg tou givat K-yoauuikeog avefaptnra dtavvouata tov xapou
K". AAAd ot otieg toU LA eivar o1 yoauuée ou A kar yi' avto ol omjfeg v LA sivar K-ypauuucog
avelaptnia Savvouara v K", av xkar uovo av, ot yoauués tov A eivar K-ypaupuxog avelaptnia
Stavvouata 1ov K. Autd anobeucvvet v wodvvauia twv (1) kat (3).

‘Aoknon 34. Na efetaotsi av ta Gavvouara (3,5, —4), (—3,-2,4), (6,1, —8) ov R? sivar R-ypappurcds
avefapmnra 1 ot

Avon. ZUupova pue v mponyoUuern aoknon givat aoketo va eEETACOUUE 10, av 0 3 X 3 mivakag A, mou éxet
¢ yoauueg (M omAeg), 1a pia avia dtavvouata ivat avtiotpyiuog 1 oxt. 'Eote jouov ot

3 5 —4
A=|-3 -2 4
6 1 -8

Eneibn n opifovoa |A| = 0, o mivakag A ev givar avuiotpeyiuog kat ta (3,5, —4), (-3, -2,4), (6,1, —8) sivar
R-yoauuucog e€aptnuéva.
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‘Eoww K[z] 0 Srtavuopatikég Xmpog tev moAuevupey unepdve tou oopatog K. Yrievbupidoupe 6t o Bad®pdg
gvog UN-undevikov moAuwvupou P(z) = ag + a1z + agx? + - - + apa™, émou a; € K, 0 < i < n, opidetat va
givatl o pn-apvnukog akEPAlog

degP(z) = max{k € NU{0} | a, # 0}

210 pndeviko moAuovupo 0 dev opidoupe Babpd. 'Etor dtav Sewpoupe Babpd degP(x) evog moduwvupou
P(x) 9a urovoteitat rtavia ot to P(z) 8ev eivat 1o pndeviko nmoAuovupo.

‘Aoknon 35. 'Eotwn > 0 évag un-apvnuxog axépaiog kat K, [z] 1o ovvoio 6Awv tewv tofvoviuey utepdvem
ou K pe Baduo < n padi pe 1o undevuco moAvavupo:

Ky[z] = {P(z) € K[z] | degP(z) < n} U {o}

Na betxdet ou 1o vnoovvofo K, [z] elvar évag undywpog tou K[z| kar

Klz] = | ) Knl2]

n>0

Avon. Av P(z) sivar éva un-undevuco nofjuvavupo unepave tou K kat degP(z) < n, e 9a éxovue P(x) =
ap+a1z+asz®+---+apz™, 6mova; € K, 0<1i<n. Bewprvtag ta toAvovvua l = 20, x, 2%, -+, ", énetan
ot ta mojluevvua avta sivat faduov < n kat apa z* e K, [z], 0 < k < n. Ipopavog 1o tuyov ToAuwvuuo
P(z) eivar ypauuucog ovvduaopdg tov ToAVG@UUU@U %, 0 <k <n, kar EMOUEVOG:

Knlz] = (1, z, 22, -+, ™)
éniaén 1o ovvojo K, [z| ovurinter pe v vndywpo wu Klz| o omoiog mapayerar and ta Siavvopara z",
0<k<n.

Hpopavag | J,~oKnlz] € Klz]. 'Eotw P(z) éva mofvwvuuo vrepdve tou K. Av 10 P(z) = 0 sivar
10 undevino mofvwvupo, e 0 € |, o Kplz]. Av 10 P(x) bev givar 10 unbevucd mojuamvupo, 101e £0tw n =
degP(x). Hpopavaeg Ja éxoupe P(x) € K, [7] kat enopévag P(z) € |, o Knlz], ondasn K[z] C U, - Kn[z].
Enopgvag mporvntet ot Kz] = |~ Kn[z]. - -

‘Aoknon 36. Ocwpovue tov Sravvouatikd xwpo Ms(K) tov 3 X 3 mvakev ue otoiyeia ano éva ooua K kat
eotw A(K) 10 umootvoilo 0iwv tev Staywvieov mudkov:

a 0 0
A3(K) = 0 b 0 S Mg(K) ‘ a,b,c e K
0 0 ¢

(1) Na 6eydei 6u 1o unoovvoio A3 (K) givar évag undywpog tou M3 (K).
(2) Na beydei ot yia toug mivakeg

1 00 0 00 0 0O

Ey=10 0 0], E,=|01 0}, Es=10 00

0 00 0 0O 0 01

LoxUEL OTL:
(E1, Es, E3) = A3(K)
(3) Na e€etaodei av yia toug mivakeg

1 00 1 0 0 1 0 O

Ai;=10 1 0], A=1[(0 -1 0|, As3=1]10 1 0
0 01 0 0 1 0 0 -1

LOXUEL OTL:



26

Avon. (1), (2) Oa éyouvue:

a 0 0
Ag(K) = 0 b 0 € Mg(K) ‘ a,b,ce K} =
0 0 ¢
a 0 O 0 0 0 0 0 0
={lo o o]+{0o b o]+]00 0] € M(K)|abeceK}=
0 0 O 0 0 0 0 0 c
1 0 0 0 00 0 0 0
=<al0 O O] +b[0 1 O] +c|O0 O O GMg(K)‘CL,b,CEK =
0 0 0 0 0 0 0 0 1

{aEl Y bEy +cEsy € Ms(K) | a,b,ce K} = (Ey, By, Bs)

‘Apa 1o uroovvoio As(K) eivai évag undywpog tou M3(K) rar ouprintet pe tov undywpo touv Az (K)
o0 omoiog Tapdyerat anod touvg mivareg By, Fo, Es.

(3) ®a gxouue
1 00 1 00 1 0 O
(A1,A2,A3) =<a |0 1 0| +b({0 =1 0)+c|0 1 0 € M3(K) | a,b,ce K =
0 01 0 01 0 0 —1
a 0 0 b 0 0 c 0 O
0 a 0)J4+[0 =b 0)4+|0 ¢ 0] € M3(K) | a,b,ceK =
0 a 0 00 0 0 —c
a+b+c 0
= 0 a—b+c 0 € M3(K) | a,b,ce K
0 0 a+b—c
z 0 0
Ta va woyvet ou <A1, Ao, A3> = A3(K) 9a npéner yia kade srayovio nivaka A = [0 y 0] va
0 0 =z
undapxouv a, b, c € K étot @wote aAy + bAs + cAz = A rwobvvaua:
a+b+c 0 0 z 0 0
0 a—b+c 0 =10 gy O
0 0 a+b—c 0 0 =z
éniabn avalnrovue a, b, c € K état wote:
a + b + ¢ = =z
(2) a — b 4+ ¢ =y
a + b — ¢ = z
Ipood<tovtag tig 6vo mpwieg eflowoels Kat Tig 6vo teflevtalies e€l0WOELS, EXYOUUE
204+2c=zxz+y rkat 20a=y+z — :y—;—z Kat c:x;Z

Kat 10te ano mv 6evtepn £xouue b = Lgy Anfabn 1o ovotua (X), yra 6eboucva x,y,z € K, gya
puovaducn Avon w¢ mpog a, b, ¢, u:

Y+ z -y Tr—z
a= , b= , c=
2 2 2
Enouévag o tuxov diaywviog tivakag A € Az (K) yoagerar wg:
z 00 Lot 00y Lo /10 0\ /10 0
A:OyO:L01O+2y0710+201 0 =
0 0 =z 0 01 0 0 1 0 0 —1
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:y—;—zA1+xgyA2+x;zA3 € (A1, Ay, As)

Auvtd onuaiver ot Az(K) C <A1, As, A3> KAl EMOULVOC:

A3(K) = (A1, Ag, As)

‘Aoknon 37. Ziov Sravvouatikd yopo F(R,R) = { ffR—R]|f: ouvdpmon}, 9ewpovue ta utoovvoia
AR) = {f: R —R| f(z) = f(~2), Yz € R}
NMR)={f:R—R| f(z) = —f(-x), Vz € R} (ngputés ovvapuioew)

Na beydet o ta umoovvoia A(R) kai M(R) eivat undywpor tou F(R, R) rar woxvet ou:

FR,R)=AR)+MR) xa AR)NMAR)={0}

(apuieg ovvapuioei)

Avon. (1) (a) Hpopaveg n unbevikr ovvdapmon 0: R — R, 0(x) = 0, Vo € R, eivai apua, éniadn
0 € AR).
() 'Eow f, g 6vo orotyeia tou unoouvoiouv A(R), éniaén f(x) = f(—x) karg(x) = g(—x), Vz € R.
Tote, Vo € R:

(f+9)(=z)=f(-z)+g(-2) = f(@) +g(@)=(f+9)x) = [f+g¢€AR)
(y) 'Eote f éva otoyeio tou uroouvoiou A(R), éniadn f(x) = f(—x), kar A € K. Tote, Va € R:
A N=z) =Af(=z) = Af(x) = (A flz) =  A-f e AR)

And ta napandve mpokuntel ot o unoovvoo A(R) eivar évag unoxwpog tou F(R, R).
(2) (@) Hpopavawg n undevicr; ouvaptnon 0: R — R, 0(x) = 0, Vo € R, eivar neputr, nidaén 0 € M(R).

() ‘Eowe f,g 6vo oroiyeia tou unoovvifou MR), éniadn f(xr) = —f(—x) kar g(z) = —g(—z),
Vx € R. Tote, Vr € R:

(f +9)(=z) = f(=2) + g9(—2) = = f(2) —g(z) = =(f(2) + 9(2)) = =(f +9)(x) = f+g € NR)

(y) 'Eote f éva otoyeio tou uroovvoiou M(R), énidaén f(x) = —f(—x), kar A € K. Tote, Vo € R:

(A N)=2) = Af(—z) = A= f(2)) = —=(A- f(x)) = =(A- f)x) = A-f e NR)

AT6 ta napanave mpokUniet ot 1o vroovvofo M(R) evar évag undxwpog ou F(R, R).
(3) 'Eow f € A(R) NM(R). Tote Vo € R: f(—x) = f(x) rat f(—z) = —f(x). Tote f(x) = —f(x),

x
Vx € R, kat apa 2f(x) = 0, Vx € R, éniadn Ve € R: f(x) = 0. ‘Apa f = 0 elvar n unbevirn
ovvdpon kai enopévas A(R) N M(R) = {0}.

(4) ‘Eow f € F(R,R). Gewpovue tig ovvaptrioeig:

9:R—R, g(a?)=f(x)+2f(x) xat  h:R-—R, h(m):w

Tote 9a gxouue, Vo € R:

(=) = f(=2) + f(=(=2)) _ f(=2)+ f(z) _ fa)+ f(=2) _

/ . S ) = geam
gy - HED =) S i) @10y L enp
(9 4+ @) = g(a) + na) = TETIED TR ZTCD _py gy

Ot napanave oxéoeg deixvovv ou F(R, R) = A(R) + M(R).
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‘Acknon 38. Zrov R-Siavvopatins yopo R3, 9swpovus ta axdfovda vrootvoia:
Vi ={(z,0,0) e R* |z € R}
Vo = {(0,2,0) e R* |z € R}
V3 = {(;U,:L‘,y) eR?|z,y € R}
Na beyd¢ei ot ta mapandve vroovvoAa ivat Ultox®peot Kat va Bredouv ot UTOX®POoL:
Vi+Va+Vs, VinNVy, ViNVs, VonVs, (Vi+Ve)NV3, (Vi+V3)NVy (Vo+V3)NVy,

Avon. (1) Bewpouvue ta davvouara €, = (1,0,0), €x = (0,1,0), €3 = (0,0,1). Towe €1 + €2 = (1,1,0).
Iapatnpovue ot:

Vi = {(2,0,0) e R® |z € R} = {2(1,0,0) e R* |z € R} = (&)
Vo ={(0,2,0) e R’ |2 € R} ={2(0,1,0) e R? |z € R} = (&)
ng{(m,x,y)eRg\x,y ER}:{(az,x,O)—i—(O,O,y)€R3|a:,y E]R}:
={2(1,1,0) +y(0,0,1) e R? | 2,y € R} = (& + &, é3)

‘Apa ta vnoovvoia V1, Va, V3 givar ot undywpot tou R? o1 omoio rmapdyovtal ano ta Siavvouata €,
€9, Kat {é’l + é>, é’g} avtiotoiya.
(2) Kade dtavvopa i = (x1, 12, 23) € R3 yodperar

Z=(21,0,0)+ (0,22,0) + (0,0,23) xat mpopavog: (x1,0,0) € V1, (0,22,0) € Vo, (0,0,23) € V3
Enouévag:
R® =V + Vs + V3
(8) Amo v reptypagn v cuvoiwv Vi, Vs, Vi, mpokumiel aueoa oOti:
ViNVa=ViNV3="Vyn0V3={0}
(4) Oa gyouue
V14V = {(2,0,0) + (0,y,0) € R3 | z,y € R} = {(z,y,0) € R3 | z,y € R}
(V1 +V2) N V3 = {(2,y,2) € R? | (z,9,2) € Vi + Vs kat (z,y,2) € V3} =

= {(:c,y,z) E]R3|z:0 Kal:c:y:()} = {(0,070)} — {(‘)’}
(5) ®a gyouue
Vi+Vs={(2,0,0)+ (y,5,2) € R* | 2,, 2 € R}

Oa beifoupe ot Vi + V3 = R3. Ia va woxver avtny n wowmta, 9a npénet kade Siavuoua (a, b, c) € R3
va umnopetl va ypaget &g:

(a,b,c)=Z+7y, omouv T €V kar §j € V3

énfladn Ja mpéner va undpxovv mpaypauroi apwpol r,y,z € R &t wote T = (2,0,0) € Vi kar
g: (y7y> Z) € Vs, kat 1018

(a,b,c) = (2,0,0) + (y,9,2) = (a,b,c)=(z+y,y,2) = x+y=a, y=>b, z=c
Kat emopuevwg x = a — b. Tote mpayuatt 9a gxovue:
(a,b,¢) = (a—b,0,0) + (b,b,c) omou (a—0b,0,0) €V; rar (b,b,c) € Vs

Enouévag kade diavuoua tou R3 yodagetar wg adpoioua evog Sravvouatog ano tov Vi kat evog bia-
vuouarog amo tov Vs, dniadn

Vi + V3 = R3
Eneidn) Vo C R3, 9a éyoupe:

(Vi +V3) NV =R3NVy =V,
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(6) Ba gyouue
Vo + V3 = {(anvo) + (IE,.CU,Z) S R | T,Y,z2 € R}

Oa beifoupe ot Vo + Vg = R3. Ia va woxver avtn n womta, 9a npéenet kade Siavvoua (a, b, c) € R3
va Umopel va yoagel wg:

(a,b,c) =Z+7Y, omouv T €Vy kar §j€ V3

onAaén 9a mpéner va unapyxouvv mpayuatikoi apduol x,y,z € R ot wote £ = (0,y,0) € Vy kat
y=(z,z,2) € V3, kat 10te:

(a,b,c):((),y,())—i-(a:,m,z) = (CL,b,C):(.f,.%'—i-y,Z) = I =a, x+y:b7 z=c
Kat emouevwg y = b — a. Tote mpayuatt 9a Eyovue:
(a,b,¢) =(0,b —a,0) + (a,a,c) omov (0,b—a,0) € Vs rkar (a,a,c) € Vs

Enouévag kade diavuoua tou R3 yodagetar w¢ adpotoua evog Sravvouatog ano tov Vo kat evog bia-
vuouatog ano v Vs, dniadn

VQ =+ Vg = R?’
Eneion V1 C R3, 9a éyoupe:

(V2+V3)QV1:R3QV1:V1

‘Aoknon 39. 'Eow ou U, V, W eivar unoywpot evdg Stavvouatikov yapou € utepdve evog oopatog K. Na
Oeydetl ot:

(U+W) 1 (W+¥) 1 (V+1) = (W) nu) + (v +U) nW)
Aton. ¢ 'Ecto ¥ € (U + W) N (W + V) N (\7 + U). Tote:

reu+wW — dur el & Wi €W étoroote: =1+ W

rew+v — dwg eW & U7 €V étotwote: ¥ = Wy + U1
2eV+U = JtheV & tael éoroote: T =+ Uy
Amo 11g U0 TPOTEG O)ETELS TPOKUTTEL OTL
W —w =0+ (—t) eV+U = 15'1—11726(\7+U)HW (1)
ATO ™V MP@N Kat TNV 1pitn OxE0N TPOKUTIEL OTL
UStT —ty =0+ (—dh) eV+W = @ —te(V+W)NU (2)

Amo tg 6U0 tefleutaieg OxE0EIS TPOKUTTEL OTL

iy = () + (—0)) + Wp € V+W {ﬁge(V+W)ﬂu

o — Wy = — 1%
92— = U1+ (—12) € = {1172:11’2—(171—&-(—172) cU+V W € (U+V)NW

Ipood<tovtag tig oxeoeig (1) kat (2) mpokumtetl Ot
F — (lly + W) = iy + W) — (ily + ) = ) — Wy + i) — &y € ((W+v) mu) + ((v+u) nw) (4)

Amo g oxéoeig (3) mpokUTIEL OTL

@+ € (W+V) N + (V+1) N W) (5)
Kat dpa, mpooderoviag g oxeoels (4) kar (5), Exouue OtL:
T = iy 4y + Wy — W+ iy — @ € (W V) NU) + (V1) W) (6)
Enopévag ano mv napandve avajuon mpokuntel OtL:
U+W) N (W+V)n(V+1) € (W+V)nu)+((V+u)nw) (%)

e 'Eotw ¥ € ((W + \7) N U) + <(\7 + U) N W) Tote undpyet €va Sidvuoua ij € (W + V) NU kar gva
buavvoua 7 € (V + U) NW étor wote: & =4+ 7.
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(1) Enaibn i € (W + \7) NU, énetar o if € U kar undpyouvv Savvouara w; € W kar vy € V étot wote:

Y = Wi + U1.

(2) Enaién Z € (\7 + U) NW, énetar ou 7 € W xat udoyouvv dtavvouata vs € V kar iy € U £rot wote:

Z = Uy + Uj.
Emneibr), and ta (1) kai (2), éxovue §j € U ka1 2 € W, énetar ou
T=y+zZeU+W
Amo ta (1) kat (2), emiong éxouue
+Z=w 40 +0+U & U=Z-Ue W4V

ST
I
<y

Emneibn mpogavaog wi + U1 + o € W+ 'V gnetar ou
T=w+0+va+uU € W+V
TéAog and ta (1) kat (2), emiong xovpe
T=y+Z=wh+th+vt+u & wW=y—u€U+V
Emneibn mpopavog U1 + vo + 4 € U4V énctar ou
T=w+0+0+u €U+V
Amno g axeoeig (7), (8), (9) mpokumter ot & € (u + W) N (W + \7) N (\7 + U) KAt EMOUEVOS

(7)

(W+v)nu) + ((v+W)nW) € Fe (U+W)n(W+V) N (V+Y) ()

Zuvbuadoviag ug oxéoeig (*) kar (%) mookumiet Ot

((W+v) ) + (V+W) nW) = (W+W) 0 (W+V) 0 (V+1)

‘Aoknon 40. 'Eotw ou Vi, Vs, V3 elvar undywpot evdg Stavvouaticov yepou & unepdve evog oouarog K.
(1) Av'Vy C V1, va betydet O11:

Vin(Va+Vs3)=VinNVa)+ (ViNVz) =Vy+ (Vi NV3) (Modiakdg Nuog Yrdxwpwv)

(2) Av Vo & V1, va Serxdet 6r yeviea: Vi N (Vo + Vs) # Vo + (V1 N V3).

Avon. (1) Yrodcrouue ot Vo C V1. Tote V1 NVo = Vy kat 10te 1 SeUtgpn 100tnTa oo uépog (1) wyvet.

(@) Eotw @ € V1N (Vo +V3). Tote ¥ € Vi kar & € Vo + V3, kat emopévag undapyovv diavvouata
jeEVorarZ € Vs étoraoteT =45+ 2. ToreZ=2Z — 4. Enaidbnn € V1 karyj € Vo C V1 éncta
ouzZ==x—y €V katapa zZ € V1 NV3 610t Z € V3. Emousvag & = § + 2, omov §j € Vo kat

Z2e€V1iNVs. Apad € Vy+ (Vi NV3) kar emopévag
V1N (V2 +V3) € Vo4 (Vi NV3)

()

(B) 'Eotw® € Vo+ (V1NV3). Tote unapyouv biavvouaray € Vo karZ € V1NV3 étotdote: & = §+ 7.
Encibn ij € Vo kar 7 € V3, énctarou € Vo + V3. Encién & € Vo kar Vo C V4, éxovue T € V1.

Apa ¥ € V1 N (Vy + V3) kat emopévag

Vo 4+ (ViNV3) CViN (Va4 V3) (1)

Ano ug oxeoes (1) war (1) mporunter n Inrovpevn axéon.
(2) Av €& = R3 kat V1, Vo, V3 eivai ot undywpor ¢ ‘Aoknong 38, 101 £xoUus:

\72;(_\71 Kat Vlﬂ(VQ—I—Vg):Vl#’\72:\72+{6}:V2+(V10’\73)

‘Eva Srapopetikd napadetyua: 'Eote &, i 6v0 un-unbevika diavvouata evdg K-Siavvouaticov xwpou

Kat umodEtouue 0Tt kaveéva amo ta duo 6ev ivat Baduwto toAAanAaocto tou aijou. Octovue:

U=(T+7y), V=(), W=



Téte evrofa BAémouue ot’: UNV = {6 } =UNW kat dpa
U=UN(V+W)#{0} = (UNV) + (UNW)

6Aei§ts TOV 10XUPLOP6 oav AoKnor).
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