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Abstract

Milman proved that there exists an absolute constant C' > 0 such that, for every convex body K
in R™ there exists a linear image TK of K with volume 1, such that |TK + Dn|1/n < C, where D,, is
the Euclidean ball of volume 1. T'K is then said to be in M-position. Giannopoulos and Milman asked
if every convex body that has minimal surface area among all its affine images of volume 1 is also in
M-position. We prove that the answer to this question is negative, even in the 1-unconditional case.

1 Introduction
Let C' > 0. We say that a convex body K of volume 1 in R" is in M-position with constant C' if
(1) K + D, |/ < C,

where D,, is the Euclidean ball of volume 1. Here, |- | = | - |,, denotes n-dimensional volume and A + B =
{r+y: xe€ A ye B} is the Minkowski sum of the sets A and B.

The starting point of this paper is a famous result of Milman [7] stating that there exists an absolute
positive constant C' such that every convex body has a linear image of volume 1 which is in M-position with
constant C. In what follows, we will refer to the M-position without specifying some precise value for this
numerical constant. It follows from the Brunn—Minkowski inequality

|K1 _|_K2|1/n > |K1|1/n + |K2|1/n
for non-empty compact subsets K1, Ko of R™, that if K is in M-position then

|K + Dp|Y/™ ~ min {\TK + D,V T e SL(n)} .

Thus, (1) may be viewed as an inverse form of the Brunn—Minkowski inequality. The notation a ~ b means
that the ratio a/b is bounded by absolute constants (from above and from below).

We say that K is in minimal surface area position if the surface area 9(K) of K is minimal among
those of its affine images of the same volume. Petty [9] gave a characterization of the minimal surface area
position: K has minimal surface area if and only if the function

= (@,y)*dSK (y)
Sn—1

is constant on S™ 1, where Sk denotes the surface area measure of K. It is also well-known that the minimal
surface area position is unique up to orthogonal transformations.

Giannopoulos and Milman [4] gave characterizations of the same type for problems that involve other
quermassintegrals. In the same paper, they asked if the minimal surface area position is also an M-position.
Our main result is the following.



Theorem 1.1. There exists an absolute constant cg > 0 with the following property: for every positive
integer n, there exists a 1-unconditional convex body K of volume 1 in R™ which is in minimal surface area

position and, at the same time,
|K + Dy |Y™ > con'/®.

Theorem 1.1 shows that, if n is large enough then the minimal surface area position may be far from being
an M-position, even in the 1-unconditional case. Recall that K is called 1-unconditional if it is symmetric
with respect to all coordinate hyperplanes.

Let us also note that, in the case n = 2, it was proved in [4] that every convex body K with minimal
surface area has the property

|K +tD,| = min{|TK +tD,|: T € SL(n)}

for every ¢t > 0. Theorem 1.1 shows that this is no longer true in higher dimensions, at least when m%/s <
t < en'/8, where ¢ > 0 is a small enough absolute positive constant.

2 Background

Let K and L be two convex bodies in R™. It is well known by a classical result of Minkowski that, for ¢ > 0,
the volume of the convex body L + tK is a polynomial of degree n, as a function of ¢t. More precisely, one
can write

pa k=30 (B VRDLER - )

where V(K[j], L[n — j]) are non-negative quantities, called in common mixed volumes of K and L. In this

paper we are mostly interested in the case j = 1. We will write for simplicity V(K,L) := V(K,L,...,L) =

V(K|[1], L[n—1]). Note that V(K, K) = |K|. Also, if B} is the Euclidean unit ball in R™ then V (K, BY) and

V(B%, K) are (up to a constant depending only on n) the mean width and the surface area of K respectively.
A fundamental fact concerning V (K, L) is Minkowski’s inequality

V(K,L) > |K|%|LI"7,

with equality if and only if K and L are homothetic.
Assume, now, that both K and L have the origin as an interior point. The quantity V(K, L) can be

expressed as:
1
V(K L) = & / hic(2) dS, (),
Snfl

n

where hg () = maxyek (z,y) is the support function of K and Sy, is the surface area measure of L (Sg, is a
measure on S"~1). Recall the definition of Sp: If w is a Borel subset of S"~1, then

Sp(w) = Hz ebd(L): 3 (u,t) € w x R, so that (fu+u)NL = {x}}’
n—1
Here, bd(L) denotes the boundary of L.
Let K be a convex body in R™ with the origin as an interior point. The polar body K* of K is defined
by
K'={zeR": (z,y) <1,y K}.

We will use the asymptotic formula

]- * 1/TL 2/ bl
< < n < =
o < (KDY <udim < 2,



which holds true if the centroid of K is at the origin. Here, w, denotes the volume of the Euclidean unit
ball By and b; > 0 is an absolute constant. The right hand side inequality is the classical Blaschke-Santald
inequality and it is sharp; equality holds if and only if K is an ellipsoid centered at the origin. The left hand
side inequality was proved much later by Bourgain and Milman (see [2] and [7]) and it is often called the
inverse Blaschke—-Santal6 inequality.

We close this Section with three facts that will be needed in the sequel. The first one, roughly speaking,
states that K is in M-position if and only if K* is in M-position. This follows from the proof of Milman’s
theorem (see [7, Section 4, Remark 3]) on the existence of the M-position (see also [3, Theorem 5.3]).

Fact I. There exists an absolute constant bs > 0 such that, if K is a convex body with centroid at the origin
in R™, then o o
K + D'/ < by|K* + D, |V,

where A = |A|71/"A.

For the next two, we need the definition of the covering number of K by L. If K and L are compact
subsets of R™ with non-empty interiors, we define

k
N(K,L)min{keN:Kg U(xiJrL) for some 1, ..., Tk eRn}.
i=1

Fact I1. If K is compact and L is a centrally symmetric convex body in R™, then

|K + L
L]

|K + L
|

27" < N(K,L)< 2"

Fact III. There exists an absolute constant by > 0 such that if K and L are convex bodies in R™, then

|K + L|
|K|

|L+ Dyp| < by |K + D,|.

Fact II is an easy consequence of the definitions. The inequality on the left is trivial while a short proof
for the inequality on the right is given in [7, section 5] (actually, this is stated in [7] in the special case
where K is convex and L is a ball; however the same proof works for our purposes as well). Fact III follows
immediately from Fact II in the case where L is centrally symmetric. The general case can be deduced from
the Rogers—Shephard inequality [10].

3 Curvature Images

The notion of the curvature image of a star-body was introduced by Lutwak [6] and will play an important
role in the proof of our main result. If K is a star-body with centroid at 0, the curvature image C(K) of K
is the unique convex body with centroid at the origin and surface area measure

1
d = ——pptdr = dX
SC(K) S IPK fc(K) )
where pg is the radial function of K and ) is the Lebesgue measure on S”~!. Existence and uniqueness of
C(K) are guaranteed by Minkowski’s existence theorem (see e.g. [11], pp. 389-393). It can be proved that
C(K) is affinely associated with K. One can check that
(2) C(TK) = (T")"'C(K)

for every volume preserving linear transformation 7" of R".



We define the quantity

1
Fy = ———— min / T dac:TESLn}7
o= i { el (v

where | - |2 denotes Euclidean norm. Using integration in polar coordinates, we readily see that the surface
area of C'(K) can be written in the form

H(C(K)) = /K |z

Taking into account (2) we obtain the next Lemma.

Lemma 3.1. Let K be a star-body with centroid at 0. Then, C(K) has minimal surface area if and only if

),
T AL

The key step for the proof of Theorem 1.1 will be the following;:

Theorem 3.2. Let K be a star-body of volume 1 in R™, with centroid at 0. Let L be a convex body in R"™,
with centroid at 0, such that K C L and |L| < o"|K| for some oo > 1. Let T € SL(2n), such that

1
e N
If C(T(K x D,)) is the homothet of C(T(K x D)) of volume 1, then
|C(T(K x Dy)) + Day|"?*" > e/ F,
for some constant ¢ = c¢(a) > 0 which depends only on «.

For the proof of Theorem 3.2 we will modify an idea from [1, Proposition 1.4]; for our purposes, we have
to deal with the L!-case instead of the more convenient L2-case.

The proof of Theorem 3.2 will be given in the next Section. We close this Section with some information
on the relation of the M-position of K with the M-position of C(K).

Proposition 3.3. There exists an absolute constant ¢y > 0 such that, if K is as in Theorem 3.2, then

é < |C(K)| < erc(a).

Proof. Minkowski’s inequality implies that

1 n—1 ].
DRCEIT < VI CE) = [ b @)dSeun (@)
1 L () 1 / 1 p(x)
= — d\(z) < — d\
n/;w;,fl pr(x) n+1 (m)_n gn-1 pr(z) n+1 (@)
1
T o+l

On the other hand, using the inverse Blaschke—Santalé inequality we get

1

_1 1
|K‘ e

1 1 1
L*|n > —I|L|7» > = .
I1L7] _blnl | bian

~ bian



It follows that

On the other hand, from Hoélder’s inequality we have

1 1

ﬁ/snﬂ P (x) d\(z) = E/STH h;(’}(%;(x) {hﬁ{)(x)p?{(m)] d\(x)

1=|K]|

n

H O ALY - (40 [ cetgheuo @i @ ixa) )

1

1 n 1 n
=+ 1] (O (K) 7 |C(K) | 7

IN

< C|C(K)| 7,

where ¢ > 0 is an absolute constant (in the last step, we have used the Blaschke-Santalé inequality for

C(K)). O
Proposition 3.4. There exists a constant c(a) > 0, which depends only on «, such that if K is as in
Theorem 3.2 and C(K) := WC(K), then

|K 4+ Dy Y™ < ¢(a)|C(K) + Dy|/™.

Proof. Using Minkowski’s inequality, we have

InL* + C(K)|#|C(K)|"" < V(nL* + C(K),C(K))
- %/S",l(nh“(x) + heo (2)) fox) () dA(2)
- %/Sn*l nhr- () forx)(x) dA(z) + [C(K)|
= %/Snil npzl(x)fc(K)(x) d\(z) + |C(K)]
n+1 T
< [ R @B e+ o)

< K[+ [C(E)| =1+ [C(K)|.
We set L* = |L*|~'/"L*. From the inverse Blaschke-Santalé inequality and Proposition 3.3 it follows that
(3) L7 + C(K)|"/™ < byesInL* + C(K)|M™ < brey(1+ erc(a)).
Then, using Facts I and III for L = |L|~Y/"L, we obtain
|K + Dp|"™ < |L+ Dy|™ < a|lL+ D, ""

C(K) + LY/ N
|(|C'()I()|1/T|L|C(K)+Dn|1/

A

b20¢|ﬁ + Dn|1/n < babsa

IN

e(@)[C(K) + Do) V/™.

Remark 1. One can use (3) and Facts I and IIT as in the proof of Proposition 3.4 to derive an inverse form
of the Proposition. Thus, if |L|/|K| < o™, then K is in M-position if and only if C(K) is in M-position
(with a constant that depends only on «).



4 Proof of Theorem 3.2

Lemma 4.1. Let F; C R™ and F; C R™ be compact sets with |Fi|n, = |Faln, = 1. Then, for every
T € SL(ny + ng),
[ TFy|n, [ TFany, > 1.

Proof. Approximating F; and F5 by unions of non-overlapping cubes, we may assume that F; and F; are
cubes. In this case, for every T € SL(ny + ns) we have

|TF1|n1|TF2 | VLlnz =1,
where V = span(T'(Fy)) and TF, | V< is the orthogonal projection of TF, onto V+. The result follows. O

Lemma 4.2. Let K be a star-body of volume 1 in R™ such that
/ lelladz = VaFy,
K
and let T' € SL(2n) satisfy

||| 2dz.

1
Fyxvp, = 7/
* V2n JT/(KkxD,)

Then,
T D[ }/™ > 1/ Fie

for some absolute constant ¢; > 0.

Proof. For every T' € SL(2n) we can write

/ lellodz = / T2 ]l2dz = / / | T + Tyl2dy do
T(K x D) KxD, K JD,

[ [ amete+1mle) ayas.

K J Dy

| [ irestydyds= [ [ e - Tyldyda,
K JD, K JD,
we can also write

Tx+T + || T2z —-T 1
/ quzz// I Yl + | yHQdydxzf// (IT2ll> + [Tyls) dy da.
T(KxDy) K JD, 2 2 JkJp,

In other words,

IN

Since

2

[ [ et imyle) dy s
K JD,

Dl / | Tallsde + K] / ITyll2dy
K D,

- / | Tallade + / ITyl2dy.
K D

n

[ el
T(KxD,)

Moreover, there exist orthogonal transformations Uy, Us € O(2n) such that

Uy (span(TK)) = span(K) and Us(span(T'D,,)) = span(D,,).



We set T1 := U1 T |span(x) and Us := UsT |span(p,,)- Then,

/ |7z ||2dz
K

/||U1Tx||2d:r:/ |7y z||2dx
K K

1
= |detT; 1/”/ ——T; d
| € 1| X |detT1|1/" 1 ) i
= |detT1|1/”/ ]| 2da,
S1 K
where Sy := Ty /|det Ty|'/™ (note that S; € SL(n)). Similar calculations give
/ [Tz ||2dz = |detT2|1/n/ [ 2d,
D, S2Ds,
for some Sy € SL(n). Since
T1K| 1/n
dot Ty 1m = (LB ey
jderift/n = (2 )
Lemma 4.1 shows that
(4) | det Ty |/™| T D, |1/ > 1.
If
—dlag( \/FK,...7\/FK>.
VFg' F
Then, we may choose Uy = Uy = I, and hence, S; = Sy = I,,, |detT1|1/" = \/%7 and \detT2|1/” =Fk.

Since [, ||z[2dx = \/nFg, we have

1 / 1 1 1
L lelladz ~ / lell2dz + /Fre—— / l]l2dz
V2n Jr(xxD,) VFg Vn i v Jp,

1
= \/T—KFK +VFkFpy ~VFk,

because Fp, ~ 1. Therefore, we have shown that

1
— ||z||2dz< —_— ||z\|2dz~cx/FK,
V2n Jr(KxDy) T(K XDy,

which implies that

1 1
d\Fg > \detT’|1/”—/ Hx||2dx—|-|detT/|1/"—/ ||| odx
VD S| K 2o /D,
1
> \detT’|1/”—/ ||| oda
Yovn sk
Z ‘detTﬂl/nFK,

where ¢, ¢’ > 0 are absolute constants. It follows from (4) that

I\ Fx > |T'D,|;Y/"F,

and this completes the proof of the Lemma. O



Lemma 4.3. There exists an absolute constant cy > 0 such that, for every star-body K of volume 1 in R™
and T € SL(2n) so that

||$H2d.%',

1
Fryp, = 7/
) V2n JrxxD,)

one has
csV/Frc <|T(K x D) + Doy |3/

Proof. We set t = |T(K x Dy,) + Dy, |3/*". Fact II implies that
N(T(K x D), Dap)/?" < 2t.

Consequently, there exist k < (2¢)?" and xy,..., 7, € R?" such that

k
T(K x Dy) C | (i + Dan),

=1

which gives
k
U x; + D2n

and hence,

k
U (zi + Day) | V],

where V' = span(T'D,,). It follows that

k
[TDnln < |(2i + Dan) | Vin = kD2 | V] < (201)"
i=1

where C' > 0 is an absolute constant. Now, we have
cs\/Fr < |TD,|Y/™ < (20t)2,
from Lemma 4.2. O

Proof of Theorem 3.2. From Proposition 3.4 and Lemma 4.3, we have

|C(T(K x Dy,)) + Dan|s/*™ > ¢; | T(K x Dy) + Dan|s/?™ > c(0) s V/Fi. O

5 Proof of the main result

In order to deduce Theorem 1.1 from Theorem 3.2, we need to construct 1-unconditional star-bodies which
have large F'x and, in addition, are “almost convex”.

Proposition 5.1. There exists an absolute constant c5 > 0 such that, for every positive integer n, there
exists an 1-unconditional star-body K with |conv(K)|/|K| < ¢ and Fx > c5*y/n.

Proof. Let {e1,...,e,} be an orthonormal basis of R™. We define v; = ne; and v,4; = —ne;, i = 1,...,n.
Since the radius of D, is of order y/n, if n is large enough we have that the balls v; + D, i = 1,...,2n, are
disjoint. We set

K; = conv ({0} U (v; + Dy,))



and K = Ule K;. It is clear that K is centrally symmetric and 1-symmetric (hence, 1-unconditional), that
is

pr(|Tiler 4 4 [znlen) = pr (Toyer + - + Zom)en)
for all real numbers 1, ..., x, and every permutation o of the indices 1,...,n. It is also clear that C(K) is

1-symmetric, and so, by Petty’s characterization, C'(K) must have minimal surface area. Then, by Lemma
3.1,

/ zllade = [+ VAP,
K

We estimate F: we have

Y%

1 /

— T + v;||2dx

7 ), el
1 /

> — ville — [|z]|2)dx .
7, Qs =zl

Using the fact that ||v;]|2 — ||z]]2 > n — ¢y/n for all € D,,, we easily conclude:

1
7 /K |lz|l2dx > civ/n .

1 /
— z||odx
7 ). el

On the other hand,

| K|

IA

|[vi + Dy | + [conv [{0} U ((Dplvi) + v:)]|

1
|Dnl + ~|Dn | 07 [ [luil] < €5,
where ¢, ¢f are absolute constants. Thus,
Fi > 2n - cs/n/(2¢5n) H1/m,

It remains to prove that the ratio |conv(K)|/|K]| is small. Set C' = conv({v1,...,v2,}). It is well-known
that |C|1/" ~ 1 and also that C' is in M-position. Since v; + D,, C K C C' + D,,, it follows that

(lconv(K)|/|K)Y™ < |C + Dy |V ~ 1. 0

Remark. By a classical theorem of F. John, the order y/n for Fk is the maximal possible.

Lemma 5.2. Let M be a convex body in R™. If M is in minimal surface position, then the (n+1)-dimensional

body
(2007 (e

is also in minimal surface area position and has the same volume as M.

Lemma 4.4 is a simple consequence of Petty’s characterization of the minimal surface area position and
we omit its proof.

Proof of Theorem 1.1. Given a positive integer n, we consider the star-body K of Proposition 4.1. We
may apply Theorem 3.2 to construct an 1-unconditional body Ms, in R?", which has volume 1 and is in
minimal surface area position, and at the same time,

| My, + D2n|§»{12n > cv/Fr > cesn'/®.



We also set Mo, 11 = M), , where M/, is the convex body defined in Lemma 4.4, with M = Ms,,. Then,

oM 2n1+1 4n 25%
Mopy1 + Doygq 2 ((El))lMJr (D2n+1 | 62ln+1)> X ((9((1\4))271[1/2a 1/2}> .
n)2n+1 2n+1

Since Ms,, has minimal surface area, one can easily check that 9(M)'/2"+! ~ 1. Tt easily follows that

|Mapn41 + D2n+1|§{l2+n1+1 > cg(n+1)Y8,

where cg > 0 is an absolute constant. O

Let K be a convex body which contains the origin. It is well-known that there exists a volume preserving
linear map 7 such that the quantity

9 1

L ::7,1/ z,y)%dx
TK |K ::2 TK< >

is constant as a function of y € S"~!. Then, TK is said to be isotropic and the number L7 is called
isotropic constant of K (see [8] for basic results on this concept). It has been conjectured that the isotropic
constants of all centrally symmetric convex bodies are uniformly bounded (this would actually imply that
the isotropic constant of any convex body which contains the origin is uniformly bounded; see [5] for the
proof of this result).

The class of bodies of elliptic type (the terminology is due to Lutwak) is defined to be the family of
all curvature images of convex bodies. As a final remark, we would like to describe the connection of the
problem we study in this paper with the problem of bounding the isotropic constant.

Proposition 5.3. The isotropic constants of all centrally symmetric convex bodies are uniformly bounded
if and only if, in the class of centrally symmetric convex bodies of elliptic type, the minimal surface area
position is also an M -position.

The “if” part of Proposition 4.2 can be deduced from Lemma 3.1, Theorem 3.2 and the well-known fact
that Lx ~ Fg for any centrally symmetric convex body K (one may alternatively use Proposition 3.2 and
Proposition 1.4 from [1]). The other direction follows from Remark 1 and Section 2.4 from [8].
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