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This paper presents a parallel algorithm for the solution of linear systems and determinant
evaluation suitable for use on the proposed parallel computers of the future. The new method can be
considered as extending the novel matrix factorisation strategies introduced by Evans and Hatzopoulos
[1] and Evans and Hadjidimos [2] in which quadrant interlocking factors are considered instead of the
more usual LU factors of triangular decomposition.

1. Introduction

Recently Evans and Hatzopoulos [1] and Evans and Hadjidimos (see [2] and [3]) have
introduced two new factorisation techniques for a matrix A. These are known as Quadrant
Interlocking Factorisation techniques (abbreviated to QIF1 and QIF2 respectively) and are
such that the second is a modification of the first whilst both are suitable for the solution of the
non-singular linear system

Ax=b (1.1)

on a Parallel Computer of the type “Single Instruction Stream-Multiple Data Stream” (SIMD)
(see Flynn [4] and Stone [5]). Both QIF techniques are in most cases better than the well
known ones given by Sameh and Kuck [6], Lambiotte [7], Evans and Hatzopoulos [8] etc.

In this paper, we present a new version of the QIF2 technique, namely NQIF2, which
constitutes an improvement over the old QIF2 procedure in as much as that both the total
number of time steps and the maximum number of processors working in parallel required for
the solution of the system (1.1) are decreased considerably. In addition, we present a parallel
algorithm for the evaluation of the determinant of a matrix A by using the QIF1 technique.
Such an algorithm based on QIF1 has so far been believed as not possible (see [2]). Finally, the
various tables given in the text make comparisons amongst all these three techniques so that
the best one to use in each case is readily produced.
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2. The new (N)QIF2 factorisation
We consider system (1.1) where A is a non-singular matrix of order n with elements a,,
i,j=1(1)n and x and b two n-dimensional vectors with x unknown and b known and
corresponding components x; and b;, i = 1(1)n. We now assume that there exists three matrices
W, D and Z, each of order n, such that
A=WDZ. 2.1

In (2.1) the W-factor is the same factor as in the QIF2 technique (see [2]), namely of the form

1 0 ]
Wai 1 0 0 W2,
Wiy W32 1 . . 0 W31 W3
W= ; ; L ; ; (2.2)
Wn-21 W, 22 Wp_23 1 Wy 2n-1 Wi 2n
Wn-11 Wno12 0 1 Wi-in
| Wi 1

D is a diagonal matrix with elements d,, i = 1(1)n and the Z-factor is of the same type as in
the QIF2 technique with the only exception being that it has units on the main diagonal. Thus,
the matrix Z in (2.1) is of the form

I~ ]
1 Z12 Z13 ce Zin-2 Zin-1 Zin
1 Z23 ch Zan-2 Z2,n-1
1 Tt Z3n-2
Z= 0 0 , 2.3)
0 Zn-1,3 Tt Zn—1n-2 1
0 Zn2 Zn3 T Zpn-2 Znin-1 1

where it is pointed out that the product DZ in (2.1) is in fact the factor Z in the QIF2
technique (see [2]).

The motivations for the creation of the new technique were the following three points (i)
the observation that if the basic algorithmic step for the factorisation of the matrix A by using
the QIF2 technique were split into two half steps then the number of time steps as well as the
maximum number of processors working in parallel at the same time would become much
smaller; (i) the adoption of the form A = WDW" for the real symmetric positive definite case
in QIF2 could have readily come from the adoption of the form WDZ for the general case,
and (iii) the observation that if the previous general form were adopted the solution of a
system with matrix coefficient DZ in two stages would require many less time steps than the
corresponding solution of the system with coefficient matrix Z in the QIF2 technique.
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3. The computation of the W-, D- and Z-matrices
From (2.1) we have that

where W, and Z;, i = 1(1)n are the column vectors of the matrices W and Z' respectively. Now
we define the matrices A, and Ay.in, k = 1(1)[z(n = 1)], with the symbol [a] denoting the
largest integer not greater than the real number «, such that

A1=A,

k-1 n
Ac=A=-2 dWZi- 3 dWzZ, k=21)En-1), (3.2)
i=1

i=n-k+2

k n
Arin=A-2dWZi— > aWwzZ, k= 1DBR-1)].

i=1 i=n—k+2
It can be easily seen, from (3.2), that the following relationships also hold:

— t
Anip= A —dW.Z,
— t
Ak+1 - Ak+1/2'_ dn-k+1Wn—k+IZn—k+l,

k=1(1)[z(n — 1)]. (3.3)

From relationships (3.2) it can be also deduced that the first and last (k — 1) rows and columns
of any A, matrix defined there are zero. So are the first k and the last (k — 1) rows and
columns of any A1, matrix.

If we consider all the relationships above the NQIF2 algorithm for finding the elements of
three matrices W, D and Z becomes

(@ di=a¥l,

) z=allld, wi=alld, j=k+1On-k+1,
(C) Ari1p=Ar — Afck)ch s
d) dviks1= aslk—+k1-£2’l),n+k+l (3.4

k+1/2
(e) Zp—k+1j = aSl—+k-{-1),j/dn—k+1 »

wj,n—k+1 = a](',kntlk/i)l/dn—k+l ’ j = k + 1(1)n - k s

(f) Ak+l = Ak+1/2" Asxkjklﬁ) tn—k+1 s
for all k = 1(1)[3(n — 1)]. In (3.4) al? denotes the element of the A,, matrix in the position

(p, q), while A denotes the ith column vector of the A, matrix. The reader is reminded that
in order to complete the evaluation of all the elements of the matrices concerned one more
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Table 1
Factorisation of a matrix

Method Num. of time steps Max. num. of proc.
QIF1 3n-D—-1.51+D") 2(n -2y
QIF2  45(n—-1)-0.75(1+ (1" 2(n -2y

NQIF2 3(n—-1) (n— 1y

stage, for k = [3(n + 1)], is necessary. To be more specific, if n is odd, step (3.4a) has to be
carried out in order to find the value of the central element d,, while if n is even, steps
(3.4a)—(3.4d) have to be carried out in order to find the central elements dy, zi+1, Wes1x and
di+1. Here, it has to be made clear that in steps (3.4c) and (3.4f) use of the column vectors A¥’
and A% was made instead of the products d,W, and d, .., W, .. respectively as was
indicated from relationships (3.3). This was permitted because of the second sets of relation-
ships in steps (3.4b) and (3.4e) and thus a saving of two extra parallel calculations at each stage
of the algorithm (3.4) was made.

If we adopt the basic assumption (as in [1, 2, 3] and [6]) that a parallel replacement
statement requires negligible time, while any other parallel arithmetic operation needs the
same time step we can very easily determine that the total number of time steps for the
complete factorisation of the matrix A is equal to 6[3(n — 1)] if n is odd and 6[3(n — 1)]+ 3 if n
is even. Both these expressions are equal to 3(n — 1) for any n. At the same time the maximum
number of processors working in parallel needed to perform all the operations required is
readily seen to be (n — 1)

In Table 1 below we give the number of time steps as well as the maximum number of
processors required for the complete factorisation of the matrix A by using each one of the
three methods QIF1, QIF2 and NQIF2.

From Table 1 it is readily seen that the QIF1 technique is always better than QIF2 for all
n = 3. Comparing now the QIF1 and NQIF2 techniques we can see that for any n odd both
techniques require the same number of time steps while for n even, QIF1 requires three time
steps less than NQIF2 does. Comparing now the maximum number of processors used it is
easily found out that only for n = 3 and 4 is QIF1 better than NQIF2 while for n = 5 NQIF 2 is
the best of the two.

Before we close this section we have to point out that the factorisation (2.1), where D is a
diagonal matrix and the other two factors are of the forms (2.2) and (2.3) respectively, is
unique. The proof is omitted here.

4. Solution of the linear system

For the solution of the linear system (1.1) we introduce the auxiliary vectors y and u, with
components y;, u;, i = 1(1)n respectively, so that in view of (2.1), it is equivalent to solving the
following three simpler systems

Wy =b, 4.1)
Du=y 4.2)
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and

Zx=u. 4.3)
To solve system (4.1) we let Wy = b = b" so that
i yW.=b.
iz1
We then introduce the vectors b**'? and b*, for k = 1(1)[3(n + 1)], such that
V= p  pED = pR_ W, pETI = pkD_y

Hence, the NQIF2 algorithm for the solution of system (4.1) is the following

(@) y=bi,
(b) b(k+1/2) — b(k) _ yka ,
(C) y'l—k+1 = bStkjkl-{-zl) > (4-4)

k+1) _ pk+172
(d b V=p*""P -y i Wakir,

for k = 1(D)[3(n — 1)]. If n is odd, step (4.4a) has to be executed for k = [3(n + 1)] to find the
element in the middle y,, while if n is even, steps (4.4a)~(4.4c) have to be executed for the
same value of k = [3(n + 1)] to find the two centre elements y, and y..;. Under the assump-
tions of Section 3, concerning the time needed for a parallel operation, we can very easily find
that for the evaluation of the components of the vector y, a total number of 4[3(n — 1)] + 1 +
(—1)* = 2(n — 1) time steps and a maximum number of (n — 1) processors are required.

As can be readily seen system (4.2) is solved in one time step using n processors. More
specifically we have

u=yild;, i=11)n.
Finally to solve system (4.3) we proceed as follows. We let Zx = u = u'® so that

n
> xZt=u",
i=1

where Z*, i = 1(1)n are the column vectors of the matrix Z. We then introduce the vectors
u(i) and u®"?, for i = 1(1)[3(n + 1)], such that

u=u,

(I—k+2/3) _ u(l—k+1)

*
u — Xpn-k+1ZL n—k+1 5

u(l—k+2) — u(l-—k+3/2)_ xkzt ,

where [=[i(n+1)] and k =[3(n + 1)](~1)1, except for n odd and k=1 when we put



102 D.J. Evans et al., Quadrant interlocking factorisation methods

Table 2
Solution of the auxiliary systems

Method Num. of time steps Max.

num. of proc.

QIFI  4.5(n—1)—0.75(1+ (1Y)
QIF2 6(n—1)
NQIF2 4n -3

2(n—-2)
2(n -2)
n

u®? =y =y and u®=u®-x2Z%. 1f n

(@ x;=ui",

b) u®=uV-x2%,

while if n is even, we start with

@ x= usd,

b) W= .z
©) xi=uf?,

(d u®P=u®?-xz%.
We then proceed by using the algorithm

— I-k+1
(@) Xnk1= ulZED,

is odd we start with

(—k+3/2) _ _ (I-k+1) *
(b) u =u = Xp-k1Z n—k+1 5

€ x = Uk

(d) QU=+ = [ (=k+3) wZ¥

(4.5)

(4.6)

4.7)

for k = [3(n — 1)](—1)1, where step (4.7d) is not executed for k = 1. Starting with (4.5) or (4.6),
depending on whether n is odd or even respectively, and then applying algorithm (4.7) we can
obtain the solution of system (4.3) in a total number of 4[3(n — 1)]+ 1+ (=1)" =2(n — 1) time

steps by using a maximum number of (n — 1) processors working in parallel.

Thus for the complete solution of systems (4.1)-(4.3) the time steps and the maximum

number of processors required for the three basic techniques are given in Table 2.

Table 3
Complete solution of the original system

Method Num. of time steps Max.

num. of proc.

QIF1  75(n—1)—2.25(1+(-1)")
QIF2  10.5(n— 1)—0.75(1 + (1))
NQIF2 Tn-6

2(n—2)
2(n —2)
(n—1y
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When Tables 1 and 2 are combined we can form Table 3 in which the results for the
complete solution of the original system (1.1) are given for the three Quadrant Interlocking
Factorisation techniques.

As is readily seen from Table 3 the QIF1 technique is always better than QIF2. Comparing
QIF1 with NQIF?2 as far as the total number of time steps is concerned we can find out that for
n =4, 6, 8 and 10 QIF1 is the best of the two, for n = 3 and n = 12 they are equivalent, while
for any other value of n NQIF?2 is the best. Taking into consideration the maximum number of
processors required we arrive at exactly the same conclusion as previously for the factorisation
stage. That is, for n = 3 and 4 QIF1 is the best while for any other value of n, NQIF2 is the
one which utilises a smaller maximum number of processors.

5. Basic remarks concerning the NQIF2 technique

When we consider the analysis made so far in the previous sections concerning the NQIF2
technique as well as some of the basic results in [2] we can make the following remarks:

(i) A possible breakdown during the factorisation process (see [2]) can be avoided
provided that

a®l, a® 3, 1 #0, k=11kEn-1)] and af}#0,

with [ = [3(n + 1)] if n is even. If the matrix A is a non-singular matrix then an interchanging
column strategy can be adopted in the same way as suggested in [2].

(ii)) The interchanging column strategy is not necessary if A is a diagonally dominant
matrix. This was proved directly in [2] for the matrices A, and indirectly for the matrices
Apyp for all k= l(l)[%(n — 1)), since these matrices, as was proved there, possess the same
property of diagonal dominance.

(iii) On the other hand when A is a real symmetric positive definite matrix no breakdown
occurs during the factorisation process. This was proved in [2] under the assumption that there
existed matrices W and D (diagonal) such that A = WDW". Since the existence of these two
matrices is not an obvious thing, especially in the present case of the NQIF2 technique, we show it
by stating and proving the following theorem.

THEOREM. If A is a real symmetric positive definite matrix, then so are all matrices A;,
k=10)Bx+1)] or Aiipn, k =1(D[3(n —1)] and k = [3(n + 1)] if n is even. The matrices A;,
and A, are obtained from the matrices A, and Ay.1p, defined in (3.2), by deleting the first
and the last (k — 1) zero rows and columns or the first k and the last (k — 1) zero rows and
columns respectively.

PROOF. First we define the unit matrix of order (n —1)I,-;, the (n — 1)-dimensional zero
vector 0,_;, and then we define the (n — 1)-dimensional vectors W1 and A;® obtained from the
vectors W; and A{’ respectively by deleting their first components. It is evident that
di=a{?=a;;>0 and that A;,= A, - APW!= A, - d, W, W|. Therefore

Aip=Al-AOW=A-d, W/ Wi,
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Now we define the non-singular matrix

1 _Wrt
B_ [On*l In*l ]

and we form the product

. apg AA;(I)t“au‘Vlrl
C=BAB= Av—a, Wi  AI- AW - WiAY - a, WD) |-

or equivalently

0! _
C= [an " 1]-
On~l A3/2

Since A is a real symmetric positive definite matrix so is the matrix C = B'AB. On the other
hand it is known that if C is a real symmetric positive definite matrix then so is any submatrix
obtained from it by deleting any rows of C and the corresponding columns (see e.g. [9,
p. 21, Proof of Theorem 2.5]). Thus by deleting the first row and column of C we obtain Aj,
which is a real symmetric positive definite matrix. Hence d, = a$,>) > 0. We now proceed in an
obvious way from the right bottom corner of A3, and prove that Aj is a real symmetric
positive definite matrix in an analogous way. The complete proof of the Theorem can be given
by induction.

(@iv) It has to be pointed out that in the case where A is a real symmetric positive definite
matrix then in (2.1) Z = W' and the algorithm given in the previous sections applies in a
straightforward manner. As is obvious the total number of time steps remains the same as in
the general case while the maximum number of processors used becomes (n — 1)n/2. As is also
known, there does not exist a free root Choleski type analogue for the QIF1 technique.

(v) It is remarkable to point out that the NQIF2 technique is equivalent from either point
of view (that is the number of time steps and the maximum number of processors required) to
the LDU method of parallel solution given by Sameh and Kuck [6].

6. Evaluation of the determinant of a matrix

The evaluation of the det(A) by using the NQIF2 technique follows the same steps as in the
case of the QIF2 technique (see [2]). The only difference is that A is given by (2.1) and
therefore

det(A) = det(W) det(D) det(Z) . 6.1)
Since the matrix W in the NQIF2 technique is exactly the same as the W factor in QIF2 that

for the factor Z in QIF2 we had that det(Z) = I1}-, z;;. Because of the fact that the matrix Z in
the NQIF2 technique is of the same type as the corresponding factor in QIF2 then we
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immediately obtain for the present case that det(Z) = 1. Therefore (6.1) becomes

det(A) = det(D) = [ d;. 6.2)

i=1

The product in (6.2) can be obtained in [log n] parallel time steps, where the symbol [a]
denotes the smallest integer not less than the real number a. (The logarithm is taken to the
base 2.)

The general belief so far has been that the determinant of a matrix A cannot be evaluated .
by using the QIF1 technique. This is not true as we shall show in the following sequel. Let W
and Z be the two factors in the QIF1 factorisation (see [1]). We have that

det(A) = det(W) det(Z) . (6.3)

Since the form of the W matrix in the QIF1 factorisation is the same as the W matrix in either
the QIF2 or the NQIF2 factorisation apart from the fact that the elements in the positions
(n—k +1, k), k =1(1)[n/2] are zeros, a proof similar to the one given in [2] leads to the conclusion
that det(W) = 1. As is known the form of the Z matrix (see [1]) is given in (6.4)

211 212 Z13 s Zin-2 Zi,n-1 Zin |
Z2 223 s 22,n-2 Z2,n-1
Z33 cee Z3,n-3
Z= 0 0 : (6.4)
Zp—23 s Zn-2,n-2
Zn-12 Zn-13 < Zn-1n-2 Zn-1n-1
| Zn1 Zn2 Zn3 v Znn-2 Znn-1 Znn |

To find det(Z) we multiply the first row of Z by a multiplier such that when this first row is
added to the last row the new element in the position (n, 1) becomes zero. As is known the
determinant of the new matrix is equal to det(Z). If now we expand the new determinant
according to the elements of its first column we obtain the result in (6.5):

Zn Z23 cer Zopod 0
233 R 0
det(Z) =2Zn det 0 S 0
Zp-12 Zn-13 s Zn-1,n-1
Zn1 Zn1 Zn1 Zn1
Zn2— —— 213 Zn3— — 213 Znn-1""—" Zin- Zon —— 21
A n zll n3 Zu nn—1 le 1,n-1 nn zll n—‘

6.5)

Now by expanding the determinant of the RHS of (6.5) according to the elements of the last
column we obtain (6.6)
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Table 4
Evaluation of the determinant of a matrix

Method Num. of time steps Max. num. of proc.
QIF1 3(n — 1)+ [log[a(n + D)]] — 0.5(1 + (- 1)") 2(n—2)
QIF2 4.5(n—1)+ [logn] —0.75(1 + (-1)") 2(n—2)
NQIF2 3(n—-1)+ [log n] (n -1y
Zxn Z23 <o Z2.n-2 Zon-1
Z33 Z3n-2
V4 Z1in
det(Z)=|“" “'" | det 0 e 0
znl Zn,n
Zn-23 e Zn72,n72
Zp-12 Zn-13 R Zn-1n-2 Zn-ln-1

(6.6)

By repeating the process a further [3(n — 1)] times we can finally obtain by induction that

[172(n+1)]

det(A) = det(Z)= [] |** Pencket (6.7)

k=1 Zn-k+1k Zn—k+ln—k+1

where in (6.7) the determinant corresponding to the value of k = [3(n + 1)] for n odd reduces
to the single element z,,. Since each determinant in the RHS of (6.7) had been evaluated
during the factorisation process, except the one corresponding to the value of k = [3(n + 1)] if n
is even, they do not have to be evaluated again provided that we had kept the corresponding
values. For the evaluation of the last determinant, for n even, two extra time steps are needed.
Thus, the total number of time steps needed for the evaluation of the RHS of (6.7) is
[log[z(n + D]+ 1+ (-1)".

Taking into consideration Table 1 and the result which we have just obtained we form
Table 4 in which the total number of time steps and the maximum number of processors
required in all three techniques are given.

As is readily found out from Table 4, QIF1 is always better than QIF2 technique. In
addition to that, QIF1 is also always better than NQIF2 as far as the total number of times
steps required are concerned for any value of n = 3. From the point of view of the maximum
number of processors used, however, NQIF2 is the best of the two for any n = 5.
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