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ABSTRACT. For each ¢ < 1 we precisely evaluate the main Bellman functions
associated with the behavior of dyadic maximal operator on R™ on integrable
functions. Actually we do that in the more general setting of tree-like maximal
operators. These are related to and refine the corresponding Kolmogorov’s
inequality which we show that it is actually sharp. For this we use the effective
linearization introduced in [4] for such maximal operators on an adequate set
of functions.
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1. INTRODUCTION

The dyadic maximal operator on R" is defined by
1
(1.1) M 4¢(x) = sup {@l/ [p(u)|du: x € Q, Q@ CR" is a dyadic cube}
Q

for every ¢ € L _(R™) where the dyadic cubes are the cubes formed by the grids

9-NZ" for N = 0,1,2, ....
As it is well known it satisfies the following weak type (1,1) inequality

1
(1.2) {z e R": M 4é(x) > A} < X |p(w)| du.
{M gp>N}
for every ¢ € L'(R™) and every A > 0 from which it follows, in view of Kolmogorov’s
inequality, the following L4 inequality

1 _
(13) 1M sl du < =B ol

for every ¢ with 0 < ¢ < 1, every ¢ € L*(R™) and every measurable subset E of R™
with finite measure.

It is easy to see that the weak type inequality (1.2) is best possible. We will
show here that (1.3) is actually sharp.

An approach for studying such maximal operators is the introduction of the
so called Bellman functions (see [5]) related to them which reflect certain deeper
properties of them by localizing. Such functions related to the LP for p > 1 have
been precisely evaluated in [4].
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The Bellman function related to the present situation is defined for any 0 < ¢ < 1
as follows

L (Mag)T: Avg(6) = 1, Avg(67) = h,
@l /s

(1.4) sup Avg(¢) = L, E C @ measurable with |E| =k}
Q:QCQ’

Bq(f>h7L7k) = Sup{

where @ is a fixed dyadic cube, Q' runs over all dyadic cubes containing Q, ¢ is
nonnegative in L!(Q) and the variables f,h, L and satisfy 0 < f < L,h < f9 and
0 < k < 1. By is independent of the choice of @ (so we may take Q = [0, 1]™).

There are several other problems in Harmonic Analysis where Bellman func-
tions naturally arise. Such problems (including the dyadic Carleson imbedding
and weighted inequalities) are described in [7] (see also [5], [6]) and also connec-
tions to Stochastic Optimal Control are provided, from which it follows that the
corresponding Bellman functions satisfy certain nonlinear second order PDE.

The exact computation of a Bellman function is a difficult task which is con-
nected with the deeper structure of the corresponding Harmonic Analysis problem.
Thus far several Bellman functions have been computed (see [1], [2], [4], [8], [9],
[12], [13], [14]). Recently L.Slavin and A.Stokolos [11] in some cases linked the Bell-
man function computation to solving certain PDE’s of the Monge Ampere type,
and in this way they obtained an alternative proof of the Bellman functions re-
late to the dyadic maximal operator in [4]. Also in [14] using the Monge-Ampere
equation approach a more general Bellman function than the one related to the
dyadic Carleson imbedding Theorem has be preciesely evaluated thus generalizing
the corresponding result in [4].

Here we will compute the Bellman function defined by (1.4). The computation
of the above Bellman functions will provide refinements of the local L? inequality
(1.3) which as we will show in the process is sharp. Our approach will not use the
Bellman PDE but will rely on a deeper study of the combinatorial structure of these
maximal operators in the same way as in [4]. However the analysis as well as the
results will be in certain aspects different due to the concavity of the corresponding
q power function and in this sense the results of this paper can be considered as
complementing those in [4]. Actually we will define and compute such functions on
the more general situation of tree-like structures on probability spaces and as in [4]
show that they are always the same.

As in [4] let (X, ) be a nonatomic probability space and let 7 be a family of
measurable subsets of X that has a tree-like structure similar to the one in the
dyadic case (the precise definition will be given in the next section). Then we can
define the maximal operator associated to 7 as follows

(1.5) Myé(z) = sup {M(lz) /1 ¢ldp:zele T}

for every ¢ € LY(X, p).
The above maximal operator is related to the theory of martingales and satisfies
essentially the same inequalities as M,;. Now we define the corresponding Bellman
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function as

B (7., L) =supd | (max(Mr6. L) du: 6 > 0.0 € L'(X. ),

(1.6) / pdu = f,/ ¢ldp = h, E C X measurable with |E| =k}
X X

where again the variables satisfy L > f > 0,0 < h < f¢ and 0 < k < 1. It is easy
to see that when X = [0,1]", u is the Lebesgue measure and T is the family of
dyadic cubes contained in X the above function becomes the Bellman function B,
defined by (1.4) since we can define ¢ on [0,2]"\X (and set it equal to 0 outside
[0,2]") to make Q/S)I(IEQ’ Avgi(¢) = Aviggn(¢) = L. Also in the case where X, T

are part of a larger tree-like structure, BZ can be defined in an analogous to (1.4)
way.
To state our main result we consider for any 0 < ¢ < 1 the function

(1.7) Hy(z) = (1 )27+ g2

defined for z > 0. Since H/(z) = (1 — q)qz?"%(z — 1) it is easy to see that H, is
strictly increasing on the interval [1,400), strictly decreasing on (0,1] and it maps
each of them onto [1, +00). We now define wy : [1,+00) — [1,+00) by

(1.8) wq(2) = (Hy ' (2))*

where H, ! denotes the inverse function of the restriction of H, on [1,400). Clearly
wq is strictly increasing, maps [1,+00) onto [1,400), and can be defined by the
equation

1
(1.9) (1= Qug(2) + quoy(2) % = 2.
For example for ¢ = 1/2 we have wy /5(2) = z 4+ V22 — L.

Next as we shall show in Lemma 3 for any A > 1 and 0 < k < 1 the equation
z(1—k)

(1.10) Hy(5—

) = A, ()

1
has a unique solution = z(\, k) in the interval (1, —). Then we have the following.

k

Theorem 1. For any nonatomic probability space (X, p), any tree-like family T
and any 0 < q < 1 the corresponding Bellman function is given by
(1.11)

hw, (quq(L)> —L1(1—k) if ko(fyh, L) <k <1,
Bz(ﬁ h,L,k) = fqh ffq fa

g Hy (52 ) = foa (5 Ry k) 70 <k < ho(f,h, ).
where

1/q
o (Sr5)) -1
(1.12) ko(f,h,L) = 1 N1/
L <wq (th(f)> — 1>

LAk, f*,. L

m) =7 q(?)

is the unique in (0, %) solution of the equation H(
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Thus the Bellman functions are the same for any such X, 7 and depend only on

q L 1/q
the underlying tree-like structure. Note that since f¢ > hL > f and w, <];LHq(f)> >
LN L f
Wy (Hq(f)> = 7 the expression in (1.12) is indeed in (0, f)
Considering the various special cases k = 1,L = f (where for example in the
case L = f the function BZ(f, h, f,k) becomes the supremum of fE(MTgb)qd,u
when ¢ > 0, [ ¢dp = f, [ ¢%dp = h and E C X is measurable with |E| = k) we
get the following:

Corollary 1. For any nonatomic probability space (X, u) and any tree-like family
T , any ¢ > 0 measurable with fX odp = f < L, fX ¢ldp = h and any measurable
E C X with w(E) = k € [0,1] we have the following sharp inequalities (where
sharpness means that their right hand side is exactly the supremum over all ¢, E
involved with the corresponding properties)

(1.13) /X(MT¢>qd/J§ hwq(%)
(1.14) /X(max(MTQS’ L)%dp < hw, ((1 — (])thJr qulf)

Actually the above inequalities will be the basic steps in proving Theorem 1,
starting with (1.13). Note that in [4] the analogous as in (1.14) Bellman function
for p > 1 was given by a double formula and was not C'*°, an analogous to (1.14)

relation holding only for L smaller than

p T f. However in the present situation
this function is given by a single formulagnd is smooth.

In view of this Corollary the double expression in (1.11) of Theorem 1 can be ex-
plained as follows. If k is small enough that is if & < ko(f, h, L) then the supremum
S (max(My¢, L))9dp is taken ignoring L that is when My¢ > L on E whereas
when k > ko(f,h,L) then the supremum is taken when My¢ < L on the com-
plement of E. The reason for this can be inferred from the proof of Theorem 1.

The number ko(f, h, L) as we shall see in section 6 is close to % when £ is small

(compared to f9).

We will also show that every extremal sequence for (1.13) exhibits a certain
self similar homogeneous behavior (which in case h < f9 shows that there are no
extremal functions for it). This is contained in the following (and its proof will use
the independence of the Bellman functions from X, 7).

Proposition 1. If (¢,,) is a sequence of nonnegative functions in L*(X, u) such
that fX Omdp = f, fX oL du = h for all m and

q

(1.16) lim [ (M7ém)?du = hwq(i)
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then for every I € T we have:

1 1
lim —/gf)md,u:f, lim —/gﬁ,qnd,u:h and
m—o0 pu(I) J; m—oo u(I) Ji
1

. 11
(1.17) tim 7o [ (Vo) d = hisy ().
m—co (1) Jr “h
That is an extremal sequence for Bg—( fyh, f,1) is also extremal, for the same
values of the variables, when localized on any element of the tree T .
In the special case where ¢ = 1/2 the expressions in (1.13) and (1.14) can be
explicitly computed and they yield the following sharp inequalities

(1.18) /}(\/M7¢dp§\/f+\/f—h2<2f

(1.19) /X Vinax(Mrg, Dy < (VI + @ 4 \/i(ﬁ+ jzy e

For the general ¢ in order to compare the above inequalities with what Kol-
mogorov’s inequality would give we will obtain appropriate estimates for the above
expressions. Then after scaling these expressions produce improvements, in view
of the Bellman function (1.4), of Kolmogorov’s inequality on the dyadic maximal
operator on R™. This will be done in section 6.

This paper is organized as follows. In section 2 we collect a number of technical
Lemmas needed throughout this paper. In section 3 we prove (1.13) (and its sharp-
ness) using the linearization for the maximal operators introduced in [4] and also
prove certain improvements of it under more stringent conditions on ¢. In section 4
we compute successively the specializations of the Bellman function (1.6) reaching
the proof of our Theorem 1 and in section 5 we prove Proposition 1. In section 6 we
derive certain approximate expressions for the various Bellman functions and study
how they behave under scaling thus obtaining improved versions of Kolmogorovs
inequality on maximal operators which show its sharpness and explain how our
main Theorem 1 is related to it.

2. SOME TECHNICAL LEMMAS

In this section we collect certain technical results that will be used throughout
this paper. The first concerns the functions H; and w, defined in the introduction.

Lemma 1. Let 0 < g <1 be fized. Then
(i) The function wq : [1,400) — [1,400) is strictly increasing, strictly concave
and for x > 1 satisfies
d 1 wy(x)/a
2.1 — = d .
( ) dqu(x) 1—qwq(x)1/q71

(i) We have

wq(x) 1
2.2 1< 24 <
(2.2) . -
for every x > 1 and

wq () 1

(2.3) lim
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(iii) The function U(x) = wq () is strictly increasing on [1,+00).
x
(iv) We have

1—1 13 1-1
xr—qxr  a r—q(l—q)e "x  a
q < (@) < q(1—4q)

1—¢

(2.4)

Proof. (2.1) is an easy computation and then the concavity follows since (2.1) and
wy(x) > 1 for z > 1 imply that wy,(z) is strictly decreasing. Moreover (2.2) follows

since wy(x) >z = (1 — Qwq(x) + qwq(x)k% > (1 — q)wy(x) and (2.3) follows since

wq ()

is bounded and w, (x)fé tends to 0 as @ — +oo. Now (iii) follows since

oy = Lt @@V wy(a) _
U'(x) = x(l—qwq(x)l/q_l (1—Q)wq(w)+qwq(g;)1*%)_
- qwg(z) <0

(1= g)a?(wg(z)Va 1)
for x > 1 and then (2.4) follows from (iii) and (2.2) since

o5 (1 (@) = oLy

O
Lemma 2. Let0 < g <1 and X > 1. Then for every a with 0 < a < 1 the equation
(2.5) 29— (1—-a)7 9z —a)! =\

has a unique solution z = z4(a, A) in (1,400) and moreover a — z4(ax, \) is strictly
decreasing with

(2.6) zg(a, A) < a 7= ond lim zg(a, M) = wq(N).

1-— (1 — Oé) a—0t

24— (1—a)7(z — )

(%

q
Proof. Let F(a,z) = . Then F,(1) =1 and

Fla,z) 1 - o 1 .
2.7 = —(1—(1— 91— ) > (1 —(1— 51—
e HH oo goaya-9ns 0-0-a) ) >1-4

F
whenever z > 1, thus lim, 1 F(a, 2) = +oo. On the other hand W =
z
1 1-—

- ( —q (0‘)1_q> > 0 for every z > 1. Hence (2.5) has a unique solution
a \z71 Z—Q

z = zg(a, A) in (1,400). Moreover by (2.7) it easily follows the first inequality in
(2.6) which also implies that z,(a, A) is bounded as & — 0. But then whenever
Q= 01 and 2, = z¢(am, \) — 2z* we have

1—
Zh — (2m — am)? + (2 — am)ql —(l—am)
(7% Om

(2.8) A= — Hy(z7)
and this proves the other part of (2.6). To show that a — z,(c, A) is strictly
decreasing just note that

OF (a, z) 1

29) ) L (- -2y - a2y)

l1—«




MAXIMAL OPERATORS 7

1—
and with w = —— € (0,1) use the inequalities (aw+1—a)? = (1—a(l—w))? <

B OF(a, 2)

. O
B >0

1—ga(l —w) <1—qa+ qw to get

For the next Lemma (and with 0 < ¢ < 1) we consider the function

G-

(2.10) alh) = —g

1
defined for all k,x such that 0 < £k < 1 and 0 < z < T A straightforward
computation shows that

(1-q)z+q—kx

(2.11) oq(k,x) = (1—k)4(1— kx)i((1 — q)z + q)
and
O0og B 2
%% () = Dy )z - 1
doyg o) = 2 — o d—grt+g+l—ka
(2.12) %(ka ) = Dq(k, z)( DE(1 - k) (1—-q)x+q
where
(2.13) D,k 7) = (1 —q)q(1 — k)72g9-1 0

H,(2)(1 — kz)12

on the domain of definition of o4(k, ). We then have the following.

Lemma 3. (i) For any fized A > 1 the equation

z(1—k)
2.14 H,(———) = )\H,
( ) q 1 — ko ) = AHq(x)
1
has a unique solution x = x(\, k) = zx(k) in the interval (1, E) and it has a

solution in the interval (0,1) if and only if X < (1 — k)9=Y, in which case this is
also unique. Moreover the function xy on (0,1) is smooth strictly decreasing and it
satisfies lim xx(k) =1, lim x(k) = +o00 and

k—1— k—0+t

(@a(k) = D((A = g)za(k) +q)

(2.15) B = TR el +q + 1~ haa()”
(i) If p > 0 and we define
(2.16) Ryplhoz) = (P Fa 140 gy gy

)
1—kx * o4(k,x)
onW={(k,z):0<k<1 and1<x<%}, then

d

(2.17) o

Ry u(k,zx(k)) = zr(k)? — pt.
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(i) If p > 1 and & is in (0, 1] the mazimum value of Ry ,, on the set {(k,x) € W :
0<k<¢andoy(k,x) = A} is equal to %wq()\Hq(u)) if € > ko(\, p) and it is equal
to Ry (&, 2x(8)) if € < ko(\, ) where

Wq()‘Hq(M))l/q —H
p(wq(AH (1)1 9 = 1)

(2.18) ko(A, ) =

1
is the unique in (0, —) solution of the equation o4(ko, 1) = A.

(iv) We have

(2.19) %(1 S (L= B)A YY) < (k) < %(1 - (%)1/%1 A

Proof. (i) The second equation in (2.12) implies (z — 1)% > 0 if z # 1. Since,
x
for any fixed k, 1ir{1 o4(z, k) = 400 and by (2.11) lirél+ o4(z, k) = (1 — k)9 the
- xTr—

T4

first part of (i) follows. Now (2.15) follows from (2.12) and kliI{I (k) =1 follows
e

1
since 1 < zx (k) < T To prove that lim+ 2 (k) = 400 observe that if there existed
k—0

ky, — 0% such that z,, = @) (k) — 2* < +oo then k2, — 0 and so (2.12) would
give A = 04(km, zm) — 1 contradiction.

(ii) The equality (2.17) follows from a straightforward but tedious computation
using (2.15), (2.12) and the fact that o4(k,xA(k)) = X for all k (so the term 1/0y
in (2.16) is not differentiated, being constant, but is replaced not by A but by the
expression in (2.11) with 2 = x(k)).

(iii) By (i) there exists a unique kg = ko(g, A, 1) in (0,1) such that z(ko) = p

and since x is strictly decreasing we have using (2.17) that %quu(k,xA(k)) is

> 0if k < kg and < 0 if & > kg hence the maximum value of R, , on the set
{(k,z) e W:0< k <¢and g4(k,z) = A} is equal to Ry (&, zx(€)) if &€ < ko and

1
to Ry, (ko,x(ko)) if & > ko. However since u = x5 (ko) < -— we have ko < — and
i

ko
al—ko) _ s .
o H ' (AHg(p)) from which

the expression (2.18) follows. Moreover noting that

wx(ko)(1 —ko)\, " x(ko)(1 — ko)
1-— kom)\(ko) ) o q(Hq( 1 —k‘o.’L‘)\(ko)

now o4(ko, p) = o4(ko, za(ko)) = A gives

) = wg(AHy(zx(ko))) = wq(AHy (1))

we get Ry, (ko, ) (ko)) = ~wq(AHg(p)) and this proves (iii).
(iv) We write zy(k) =

(2.11), @ satisfies

(I — (1 —k)#) where 0 < 6 < 1 note that, in view of

ENTEES

(1—q)(1—8) + ké

M= 0 - AR + gk

= pra(0)

—q

and observe that ———
1—q+k

= prA(0) < pea(y) < pra(l) =1foranyy € (0,1). O
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Now for the next Lemma we fix real numbers f,h and k with f,h > 0,h < f49
and 0 < k < 1 and we consider the functions

(2.20) I(B)=(1—-k)'"9(f - B)?+ k'1B1
defined for 0 < B < f and

- e N kl—apBa
(h— (1 —k)'o(f B))‘I(h—(l—k)l—q(f—B)q)

if (1—k)1=9(f — B)? < h < I}(B)

(2.21) Ry(B) =
kl—apq
l—q
defined for all B € [0, f] such that {5 (B) > h.

Noting that [ has an absolute maximum at B = kf with lx(kf) = f? > h and
that it is monotone on each of the intervals (0,kf) and (kf, f) we conclude that
either [ (f) < hi.e. k179f% < h in which case the equation l;(B) = h has a unique
solution in (kf, f) and this is denoted by p1 = p1(f, h, k) or lx(f) > h in which case
we set py = p1(f, h, k) = f. Also either [ (0) < hie. (1—k)'~9f% < h in which case
the equation [ (B) = F has a unique solution in (0, kf) and this is denoted by pg =
po(f,h, k) or hi(0) < F in which case we set pg = po(f,h,k) = 0. In all cases the
domain of definition of Ry, is the interval Wi, = Wi.(f, h) = [po(f, h, k), p1(f, h, k)]
We now have the following.

if h < (1—k)'=9(f — B)

Lemma 4. The mazimum value of the function Ry on Wy is attained at the unique

a
point B* = xx(k)kf > kf where A\ = % (see Lemma 3), which also satisfies

(2.22) (1—k)"9(f - B*)9 < h < lx(B*)
and moreover we have
q
(2.23) rrvl‘?ka = hwq(‘%Hq(:rA(k))) — (1 = k) flar(k)4.
k
Proof. Clearly (1—k)'~9(f — B)? < h if and only if 79 = max(0, f — (hk;q)ll) <
1—k)s™

B < f,n0 < p1(f, h, k) and R(B) is strictly increasing in W;.N(0, 0] (if nonempty).
Hence it suffices to find its maximum value on W}, = WiN[no, f| = [max(po, no), p1]-
In the interior of W}, we have (using Lemma 1)

__a _w(ZB)' B
 1-quwy(Z(B)Y1-1"k

a= - B
(224)  Ry(B) J —w(2(B) T (L
where .
kt—1B4
Z(B) = 1
R (R T
in the interior of W}, and so wy(Z(B)) > 1 there.
Now if p; = f then since ¢ < 1 we have lim R} (B) = —oo. Suppose p1 < f.

B—py
Then lim Z(B) =1 and
B—p,
B = f-B Pryvg-1_ f =Py
1 a1 Z(B g—1y — (E2yg-1 q-1
Jim () (2B () = G = (R <o
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since p1 > kf. Hence lim R} (B) = —oo holds always. In an analogous way (and
B—py
since pg < kf) we have lim R} (B) = +oo in the case where py > 19. Moreover
B—>p0

if kf > mo which happens if and only if (1 — k)f? < h then since Z(kf) > 1 and
q <1 we get from (2.24) that R} (kf) > 0.

But by (2.24) we have R}, (B) = 0 if and only if w,(Z(B))/? = f(fl_g)) which
is equivalent to
B(1—-k), B(1—-k) 4 B(1—-k) -1 _
(2.25) - KB > 1

h—(1—k)'=a(f - B)
and provided that h # (1 — k)1 =9(f — B)? this can been written as

BOl—k), .. B
o)~ G

Consider now the equation (2.26) on the larger interval (0, f). Since h < f¢
the number B = kf is not a solution of it and since Hy(z) > 1 for all z #
B(1—k)
k(f - B)
of (2.26) with the equality in (2.25) implies that h # (1 — k)!~9(f — B)9 and
kl—apa

(=W —B) > 1 and so since B > 0 that also h > (1 — k)!=9(f — B)?
for any such solution. Therefore any solution of (2.26) in (0, f) will automatically
belong to the interior of W} and would be a root of Rj, there.

(2.26) hH,( ).

1 we get Hy( ) > 1 for any solution which in view of the equivalence

B 1
Now letting = = =57 € (0, ) the equation (2.26) takes the form (2.14) with
fa

1
A = = > 1 and hence it has always a unique solution x = x(k) in (1, —) hence
(2.26) has a unique solution B* = zx(k)kf in (kf, f) and it has a solution in (0,1)

q
if and only if ‘% = A < (1 — k)77 ! which is unique, hence (2.26) has a unique

solution By in (0,kf) if (1 — k)179f% < h and it has no solutions there otherwise.
Moreover by the above remarks B* satisfies (2.22).

If (1—k)179f7 < h thenng =0 < pg and so lim R} (B) = +o0o, R} (kf) >0

B~>p0
and lim R} (B) = —oo which imply that the maximum value of Rj, is attained
B—py

exactly at B* > kf (Bg < kf in this case must be an inflection point).

If (1—k)'79f2 > h > (1—k)f? then B* is the unique root of R} in the interior
of W/ and so R} (kf) >0 and lim Rj(B)= —oc imply that the maximum value

*}pl
of Ry, is attained exactly at B*.
If (1 —k)f? > hthen f > p1 > n > kf > po and lim Z(B) = +o0 so

B—mo
since ¢ < 1 we get from (2.24) that hm R,(B) = L(@)q 1> 0 so again the
B—)r] 1-— q k

maximum value of Ry is attained exactly at B*.
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To complete the proof of the Lemma we observe that since w,(Z(B*))Y/? =
B*(1—k)
k(f —B*)’

Ru(B°) = hay{ 2(B°)) (1K) =B (G =) = b (2(B) = (b))
and use B* = z)(k)kf and Z(B*) = Hq(kB(}(l__BIj;) = AHg(xx(k)). O

3. TREES AND MAXIMAL OPERATORS

As in [4] we let (X, p) be a nonatomic probability space (i.e. u(X) =1). Two
measurable subsets A, B of X will be called almost disjoint if (A N B) = 0. Then
we give the following.

Definition 1. A set T of measurable subsets of X will be called a tree if the
following conditions are satisfied:
(i) X € T and for every I € T we have p(I) > 0.
(ii) For every I € T there corresponds a finite or countable subset C(I) C T
containing at least two elements such that:
(a) the elements of C(I) are pairwise almost disjoint subsets of I,
(b) I =UC).
(@1i) T = Up>o Tim) where Toy = {X} and Tmy1) = UIeT(m) C(I).
(iv) We have lim sup p(l)=0.

For any tree 7 we define its exceptional set E = E(T) as follows

(3.1) EM=U U hnh).
I€T Ji,J2€C(I)
J1#£J2
It is clear that E(7) has measure 0.

An easy induction shows that each family 7,,) consists of pairwise almost disjoint
sets whose union is X. Moreover if € X\E(T) then for each m there exists
exactly one I,,(x) in T(,,) containing z. For every m > 0 there is a J € T(y,_1)
such that I,,(z) € C(J). Since then x € J we must have J = I,_i(z). Hence
the set A(z) = {I € T : € I} forms a chain [y(z) = X 2 Li(x) 2 ... with
I, (z) € C(Ipp—1(x)) for every m > 0. From this remark it easily follows that if
I,J €T and INJN(X\E(T)) is nonempty then I C .J or J C I. In particular for
any I, J € T we have either u(I NJ) = 0 or one of them is contained in the other.
The following gives another property of 7 that will be useful later. For a proof see
[4].

Lemma 5. For every I € T and every a such that 0 < « < 1 there exists a
subfamily F(I) C T consisting of pairwise almost disjoint subsets of I such that

(3.2) WU D= 3 ul) = (1-a)u(D).

JEF(I) JEF(I)

Now given any tree 7 we define the maximal operator associated to it as follows

(3.3) My é(z) = sup {M(ll) /I Gldu:zele T}



12 ANTONIOS D. MELAS AND ELEFTHERIOS N. NIKOLIDAKIS

for every ¢ € L'(X, ).
The linearization of this operator we will use has been introduced in [4]. Here
we will recall its definition and properties that we will use (for more details see [4]).
Let ¢ € L'(X, 1) be a nonnegative function and for any I € T let

1
(3.4) Avi(d) = /1 $dy

We will say that ¢ is T-good if the set Ay = {z € X\E(T) : M7¢(z) > Avi(¢)
for all I € T such that @ € I} has p-measure zero. If m > 0 and A; > 0 for

each I € T,y are given then the function ¢ = > Arxs (where x; denotes the
1€T(m)

characteristic function of I) is 7-good since Av;(¢) = Avp(¢) whenever J € C(P),
P €7 for s >m and so Ay = @. We call such a ¢ a T-step function. However
not all functions are 7-good but 7T -step functions will be enough for our purposes.

Suppose now that ¢ is 7-good. Then for any x € X\(E(T) U Ay) (ie. for
p-almost every z in X) we define I(z) to be the largest element in the nonempty
set {I €T :xeland Mro(x)=Avi(d)}.

Also given any I € T let A(¢,I) ={z € X\(E(T)UAy) : Iy(x) =1} C I and
let

(3.5) Sy=1{IeT:ulA,1)) >0} U{X}

which is a subtree of 7. We also define the correspondence I — I* with respect
to Sy as follows: I* is the smallest element of {J € Sy : I & J}. This is defined
for every I in Sy except X. It is clear that the A(¢,I)’s for I € Sy are pairwise
disjoint and their union has full measure. Their basic properties are the following,
A =~ B meaning u(A\B) = u(B\A) =0, (see [4]):

(i) If I,J € S then either A(¢,J)NI = or J C I.

(ii) If I € Sy then there exists J € C(I) such that J ¢ S,.

(

iii) For every I € Sy we have I ~ U Ao, J).

Sp3JCT
(iv) For every I € Sy we have A(¢,I) = I\ U J and so
JESy: T =1
(3.6) WA D) =pu(l) = Y uld).
JES:J*=1I
In particular (iv) implies
1
(3.7) Avi(@) = —— | o
u(I) Jegjg A7)
so setting
(3.8) ar = u(A(¢p,I)) and x; = al_l/ odu
A(e,I)

for every I € S, (in the case where pu(A(¢, X)) = 0 we set zx = 0) we have

(3.9) Mr¢ = Z (L Z aJTI)XA(SI) -

IeS, ’U(I) JESy, JCI
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and

(3.10) /X ¢pdp= ">

I€S,

odu = arry.
/A(¢J) Z

I€S¢
Using this decomposition of M7 ¢ we can now prove the following:

Lemma 6. If the nonnegative function ¢ € L*(X,u) is T-good Jx ¢dp = f and
fX o4dp = h then we have

q

(3.11) [ rroyan < w2,
x h
Proof. We let S =Sy, ar = p(A(9, I)),
ay

3.12 =L c(,1
(312) pr = € 0.1
(except possibly for I = X) and

(3.13) yr = Avi(¢) =

for every I € §. It is easy to see that
(3.14) yi(I) = Y yp(J) +arxr
Jes:J =1
and so using the concavity of the function t — t¢ we have for any [ € S
(rnD) = (> mn() 2 +orar
TI
JeS:J =1

(3.15) > 3 () +orar(Ghy
TI or
Jes:Jx=I

ﬂ)q >
or

whenever the 77,07 > 0 satisfy 77 (u(I)—ar)+orar =3 jcg. ey T1i(J)+orar = 1.
We now fix 8 > 0 and let

(3.16) or=((B+VD)u(I) = Bar) "t and 77 = (B + 1)o;

which satisfy the above relation to get dividing by 0}7‘1

((B+ D) = Ban) " “(yrn(D)* > Y (B+ 1) u())ys + araf
Jes:J =1
However z? = (i / )1 > 1 / ¢? and so summing over all [ € S and
1=\ Jaen @ = Jae &

using the properties of the A(¢, I)’s we get

S8+ DulD) = Ban)' urn(D)' = 3 (3 + )" + [ otd

Ies Jes X

JEX

and so since yx = f we get

(317) (B+ 1)U —h > Y [(B+ 1)) = (8 + Du(l) = Bar)' = (u(I)) "]y}

IeS
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which since
[(B+ D)) = ((B+ Du(I) — Bar)' =4 u(I))?] =
=B+ —((B+1) = Bp) "> (1—q)(B+1)""Bps

gives

B+D'"U —h>1=-)(B+ 1B aryf
IeS
and so for any 8 > 0 we have

(3.18) | oy <

1L (B+1)f7—(B+1)%
l1—¢q B '
Considering now the right hand side of (3.18) as a function of § it is easy to see
that it is minimized for 8 equal to the unique root of the equation

fp

(3.19) Hy(B+1)=(1-q)(B+1)"+q(B+1) " = 21

fa
and so taking 8 = wq(%)l/q —12>01in (3.18) and using (3.19) completes the proof
of (3.11). 0

Remark 1. In case ax = 0 the above proof has to be modified (see [4]). However
we will not need this modification since (as property (ii) implies) we have ax > 0
whenever ¢ is a T -step function, and this will be enough as we will see in the proof
of the following Theorem.

Next we show that (3.11) holds for general ¢ and that it is actually best possible.
This is the content of the following.

Theorem 2. For any 0 < g < 1 we have
(3.20)

sup{/X<MT¢>qdu:¢zo,¢eL1<X,u),/X¢du=f,/X¢Pdu=h}:hwq<f>.

Proof. For the general nonnegative ¢ € L'(X, ) one can consider the sequence
(¢m) where ¢, = 3° Avy(¢)xs and set

I€T(m)
b, = Z max{Av;(¢): I CJ e T}xr = Mrom
I€T(m)

since Av;(¢) = Av(¢m) whenever I CJ € T when I € T,,).
Then it is easy to see that

62 [ bndu= [ odu=fihn= [ otz [ orau=r

for all m and that ®,,, converges monotonically almost everywhere to M7¢. Since
as we have seen each ¢, is T-good, (3.11) combined with Lemma 1 (iii) gives

(3.22) /X P dp < hqu(}{%) < hwq(%)

and so letting m — oo we get (3.11) for the general ¢.
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Now to complete the proof of the Theorem we use a similar to [4] construction
and for a with 0 < a < 1, using Lemma 5, for every I € T we choose a family
F(I) C T of pairwise almost disjoint subsets of I such that

(3.23) S ) = (1 - au(D).
JEF(I)

Then we define S = S, to be the smallest subset of 7 such that X € S and for
every I € §, F(I) C S. Tt is clear that defining the correspondence I — I* with
respect to this § we have J* =T € § if and only if J € F(I) and so writing

(3.24) Ar=1\ | 7
Jes:Jr=I
we have ar = u(Ar) = pu(l) = > jeg.yemr M(J) = au(l) for every I € S.
Also it is easy to see that
(3.25) S= U S(m) where Sy = {X} and S(;5,41) = U F(I)
m>0 IeSim)

We define the rank r(I) of any I € S to be the unique integer m such that
I € 8,y and for A,y > 0 to be chosen later we define the z;’s by setting

(3.26) zy =y
for every I € S. For every I € § and every m > 0 we have
(3.27) bu(D)= > () =(1—a)"u()
S>JCI
r(J)=r(I)+m

hence

Za;x? =\ Z Z A ap(J) = N a Z b (X) =

IeS m>0 IGS(m) m>0

Ao
"o (1-a)] —_
rnz>:O T1- A" (1 — )

for any r > 0 such that v"(1 — «) < 1. On the other hand if v(1 —a) < 1

1 A (D
ylzm Z aJxJ:m Z ap(J)y") =

JeS:JCI S>JCI
Ao et
P LU SR
w )m>0 S3>JCI
B r(J)=r(I)+m
— (D _ - >
= day Z’y 1—a)™ =7 (1_a)x1
m>0 v

where the y;’s are defined by the first equality above and so
(3.28) Zaly] Zaﬂ[
IeS IeS

whereas

Ao
(3.29) Yx =

T=5(=a)
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We choose A = fa™'(1 — y(1 — a)) to make yx = f and v = E7%  where

z(1 — «)
q 9 _ (1 —a) 9z — a)d q
z = z4(a, f—) > 1 is the unique root of #-l-a) =) = % furnished by
6!
Lemma 2. Obviously v > 1 and
'yq(l—oz)<'y(1—a)=1—%<1
and so we have for these choices of \,~
q
(3.30) Zw‘} =h,yx = f and Zaly? = z4(av, %)QF.
Ies Ies
Next we consider the function
(3.31) ba = Z TIXA;-
IeS
so that [y padp = f, [y ¢Ldp = h, and since M7 > ¥ ;5 Avi(da)xa, we have
q

(3.32) [ tréayran = 3 art = sta Soyr

x h

IeS
Now we let & — 07 and use Lemma 2 to complete the proof. O
Using now Lemma 1 (ii) in (3.20) we get
1
(3.33) [ troydn < 2| odwy
X -4 Jx

which is what Kolmogorov’s inequality would imply. However since by Lemma 1

oy 1 fP fe
ii) lim hwy(=—) = ——
() timsor hisy(7) = 7
sharp. When the function ¢ satisfies certain additional properties the above proof

gives also the following improvement (as shows Lemma 2 for z,).

the above Theorem implies that (3.33) is actually

Theorem 3. Let 0 < g < 1 and suppose « is such that 0 < a < 1. If ¢ > 0 is
T-good with [y ¢dp = f, [ #Pdp = h and such that a; = p(A(p, 1)) > ap(l) for
every I € S =84 then

fe @ 1

3.34 Mro)Pdu < —)h a a
1) [ repan < o Son < et < o
and the first of these inequalities is best possible.
Proof. To prove (3.34) we use with p; = % > « the inequality

I

B+DTT = ((B+1) = Bp)' ™" _ B+ DT ((B+1) = Ba)' ™1
pPI o e}

in (3.17) to get for any 5 > 0

(B+ 1)1—qfq —h
3.35 Mr¢)ldu < .
(3:3) o< e
instead of (3.18). Now setting z = 4+ 1 — Sa > 1 it is easy to see that the right

fq

hand side is minimized when z satisfies (2.5) with A = W and so using Lemma 2
and the equation (2.5) in (3.35) completes the proof of (3.34).
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To show that (3.34) is best possible we just use the ¢, in the proof of Theorem
2 for this specific a. ([

The above Theorem has the following application in the case where X = [0, 1],
u is the Lebesgue measure and 7 = D is the tree of all dyadic subcubes of [0, 1]™
and therefore Dy, is the set of all dyadic subcubes of [0,1]™ whose sides have
length equal to 27™.

Proposition 2. Let 0 < ¢ < 1. Then:
(i) If m>0and ¢ = Y Arxs then (with [ ¢dp = f, [ ¢Pdp = h)

IED@M
_ fe 1
3.36 Mpo)ldy < z,(27™", =—
a36) [ (o< s Eoh <
(ii) If ¢ € L' and is nonnegative, decreasing in each variable and convexr on
(0,1)™ then

)h <

— s

Fon < 1 I
h 2n — 2nq(2n — 1)1-q TTHLT
Proof. Both follow from (3.34). For (3.36) it suffices to observe that ¢ is D-good

and for any J € Sy we choose I € D(,,) such that [A(¢, J) N I| > 0 and note that
A
we must have I C A(¢, J) and so |(¢J’|J)| > 27,

1
For (3.37) we use (3.34) for a = o noting that for any J € D if J, is the square

(3.37) [Mpol, < 227",

formed by the right halves of the sides of J, the assumptions on ¢ imply

(3.38) Av,(¢) = sup ¢(x)
reJ 4
and therefore ¢ is D-good and for any J € Sy we have J. C A(¢, J). O

The first part of the above Proposition provides an estimate of the limitation for
making the sharp inequality (1.3) an almost equality using dyadic step functions.

4. BELLMAN FUNCTIONS FOR THE MAXIMAL OPERATOR RELATED TO
KOLMOGOROV’S INEQUALITY

Here we use the results of the previous sections to study the Bellman functions
for M defined by (1.6) thus proving our main Theorem 1.

Let us fix 0 < ¢ < 1 and a nonnegative ¢ € LP(X, u) such that [, ¢?dp = F and
Jx ¢dp = f (where fP < F). For any I € T we apply Theorem 3 for ¢ restricted

to I and for the tree 7(I) = {J € T : J C I} on the probability space (I, %u)

to get :
Avy(4))?

(a.1) Al (ox0)] < Ava 07O

Next fix L > f and let Iy, I, ... be all the maximal elements (if any) of {J € T
Av;(¢) > L}. It is clear that the I,’s are pairwise almost disjoint and that writing

K=UI
J

(4.2) max (M7, L) = Lxx\kx + Z(MT(Ij)@XIj))XIj.
J
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Therefore writing k = >, yu(I;) and using (4.1) for Iy, I, ... we get

. [ max(itro. 1)yt < 290 =) + Y agen ()
where
(1.4 0 = [ iy = 1) ([ ody.

Now we write

45) A== [ odpshand B=3 it 50 = [ odus s

; K

note that

(4.6) KB = (Y pI) QI B YD 2 Y 8 = A

J J J
and use the concavity of w, provided by Lemma 1 (i) to conclude that
[ maxarrs, )t < 90— ) + A (ij ') <
X
1-qRq

The parameters A, B and k satisfy the following inequalities
(48) A<k'™BY, A<h, B<f,0<k<landh—A <(1-k)'"9f— B)*

the last one being just [y , ¢7dp < u(X\K)l_q(fX\K ¢dp)? (we also have B > kL
by the choice of the I;’s).

Conversely assuming that 0 < k < 1, B < f and A, B satisfy the inequalities
(4.8) we fix ¢ in (0,1) we use Lemma 5 to pick a family {I1,Is,...} of pairwise
almost disjoint elements of 7 such that > . u(l;) = k. Next since 4 < kl-a1Ba

1
using Theorem 3 for each j we choose a nonnegative ¢; € LP(I}, mu) such that
J
A B
(19) [ dtdn=2uty. [ dsau=uty
I I
and
A k'TaBa
(4.10) [ Ot @)1 = 55, (),
Next we choose a ¢ € LP(X\K, p1) such that
(4.11) / Yidpy =h— A >0 and Ydpuy=f—B>0
X\K X\K

where K = |JI; which is possible by (4.8) and define
J

(4.12) ¢ =Vxx\K + Y X1,
J
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Then [y ¢dp = f < L, [ ¢?dp = h and

kl—qu)q.
A

(4.13) /X(maX(MTqS, L)¥dp > L1 — k) 4+ 0 Awy(

Letting now ¢ — 1~ we have proved the following:

1-qRq
BT(f,h L. 1) = sup{Z9(1 — k) + Aw(" AB ) KITIBT> AL A<D,
(4.14) B<f,0<k<land (1—k)'9(f—B)">h— A}

The inequalities (4.8) for k, A and B imply that (1 —k)!=9(f — B)?+k'~9B9 > h
and A > h— (1 —k)179(f — B)9 = C and so using now Lemma 1 (iii) we conclude

1-qBq 1-qBq
that Awq(k ) < Cwq(k yif h> (1 —k)'49(f — B)? and
kli-aBa ) kl-aBe kl-aBa
Awg () < Jim 2o () = 5

if h < (1 —k)'~9(f — B)? so using the notation of (2.20), (2.21) and Lemma 4 we
have

BT (f h,L,1) = sup{Ren(B) + LY(1 = k) : 0< k < 1,0 < B < f and Iy(B) > h} =

sup [hwq(ﬁHq(a:(% %7 E))(1 - k)]

0<k<1 h

K))) + (L7 — [

L
and so by Lemma 3 (iii) with £ =1 and p = 7 > 1 we have proved the following

Proposition 3. For any tree T on (X, 1) and any 0 < ¢ < 1 we have

(4.15) BT(f.h,L,1) = hwq(ﬁﬂqé)).

h
Next to compute BZ—(f, h, f,k) for 0 < k < 1 in a similar as in [4] way suppose

that ¢, E satisfy the requirements in the corresponding definition, choose u > 0
such that

(4.16) W({(Mré > u}) < k < pu({Mré > u})

and choose a measurable D such that Vi = {M7¢ > u} C D C {My¢ > u} = Vs
and p(D) = k (note that p is assumed nonatomic). Since M7¢ < u on E\V; it is
easy to see that

(4.17) /E (Mro)idu < /D (Mr)dy

and defining s € [0, 1] by u(D) = su(V1)+(1—s)u(Va) we also have (since M7¢ = u
on V2\V4)

s [ arroyan=s [

(Mro)'du+ (1= 5) | (Mro)d
Vi

Va

Now since each of the Vi, V5 is a union of families {Ij(l)}, {Iﬁz)} consisting of
pairwise almost disjoint elements maximal under Avy(¢) > w (resp. > u) and
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we clearly have M7¢ = My ()¢ for each of those I's, arguing as in the case of
BT (f,h,L,1) and using (4.17) and (4.18) we have

w, B 2 B
(4.19) /E (M7e)tdp <3 sa wo(y) > (1 -s)af )wdam)
J J r

T

where o) = Sy oy < B = (D)= Sy ddpy, ol = [ ¢dp < B =
M<L§2))1—q(f1(2) ¢dp)?. Hence using Lemma 1 (i) we have

(1.20) /K (M d)idu < Aw, (Zj 5B + %(1 - s)ﬁ,(?))
where

(4.21) A= Z sal) + 2:(1 —5)a® = ; @ldp + (1 — s) 5 ¢ldu < h.
Setting J

(4.22) B=s| ¢du+(1—s) [ ¢du<f

1% Va

and noting that k = p(D) =3, s,u(Ij(.l)) +>,.(1— s),u(]r@)) it is easy to see using
(3.15) that

(4.23) KBt >3 sp0 13 (1-5)82 > A
7 r
and so since wy is increasing we have
kl-apq
(4.24) / (Mr¢)ldu < Aw, < T > .
E

Moreover we note that A, B satisfy all the inequalities in (4.8) (k being now fixed)
the last now being just

(4.25) /X ¢ndu < ( /X ndp)' = /X pndp)?

where n = sxx\v; + (1 — 8)xx\v5-
In the same as in the case for BqT(f, h, L, 1) way and using, for any A, B satisfying
(4.8) (with k fixed), the functions ¢ defined by (4.12) we get the following

(4.26) BT (f,h, f, k) = sup{Ry(B) : 0 < B < f and lx(B) > h}

where [, and Ry, are defined by (2.20) and (2.21).
Hence Lemma 4 implies.
Proposition 4. We have
/1 f1 fe
(420)  BI(fh £k = hesg (o Hy (w5 1) = fa(
Now to prove our main Theorem 1 we let w > 0 be such that

(4.28)  p({max(Mré,L) > w}) < k < p({max(Mr, L) > w})

k)1(1— k).
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choose a measurable set K such that U; = {max(M7¢, L) > w} C K C {max(Mr¢, L) >

u} = Uz and p(K) = k and as with (4.17) we get

(4.29) | (a0, 1)y < [ (ax(Mro. 1))

‘We then consider two cases:
(i) If w > L then M7¢ > L on K and so (4.29) and p(K) = k gives

(430) | (max (o, 1)) < BT (. 1.8

(ii) If w = L then let u(Uy) = k1 < k and note that M7¢ < L on K\U; to get

[ waxtytro, e < [ oy [ st <
E Uy K

\U1
(4.31) < B (fh, fr k) + LUk — k).

Conversely given 0 < k; < k for any 0 < § < 1 choose a ¢ satisfying the require-
ments and a measurable set £y C X with pu(F;) = ky that satisfy

/E (Mrd)du = BT (f,h, f, k1)

and then choose a measurable Fy C X\ E; with u(Es) = k—k;. Then E = E;UE,
satisfies u(F) = k and

/E (max(M7¢, L))%dp > /E (M7¢)tdp + L(Ez) = 6B] (f,h, f,k1) + Lk — k).

Letting 6 — 1~ we have proved that

Bg_(f’haLak) = Ssup [BZ(f7 h7 fa kl) +Lq(1 - kl)] - L(I(l - k)
0<k1 <k

But now (4.27) and Lemma 3 (iii) complete the proof of Theorem 1.

5. PROOF OF PROPOSITION 1

We will show first that for any I € 7(;) = C(X) (see Definition 1)

m—r oo

(5.1) limsup%/j@vzdu <f.

Suppose not and choose an I € 73y such that (5.1) is not satisfied and assume
choosing a subsequenee that

(5.2) lim /gbmd,u fi>fand 0 < hm L/gf)?ndu =hy < f.

Then letting 7 = p( € (0,1) we also have

1 f—71h
0 < lim Omdp = < f and
m—e0 N(X\I) X\I " L—7
. 1 h — Thl
5.3 lim ———— [ ¢%dy= > 0.
(53) W8 WD) S =7
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1
Consider the trees 7* = {J € T : J C I} on the probability space (I, —y) and
T

T ={X\I}U{J € T :J C X\I} on the probability space (X\I, %,u) and
-7

note that in view of f; > f for all sufficiently large m we have

(5.4) M7 ¢m = My« on I and My, = max(My« ¢, f) on X\I
hence using (1.13) and (1.14) we get
q

(5.5) lim sup/(MT¢m)qdu < Thlwq(f—l) ithy >0

m— 00 I hl
and
(5.6) limsup/(M7—¢m)qd,u < — mfi 1f h1=0

m—oo 1-—

(where in the case hy = 0 we just used (2.2)) and
1-qgA -1 f"+af"" (f—7f1)

(5.7) limsup /X Mo < (=i )

m—oo h— Thl
if h > Thy and
(5.8) limsup/ (My¢p)¥dp < (1 —7)f1+ qu_l(f —7f1)
m— o0 X\I 1- q

if h = Thl.
In the case 0 < hy < 7h (5.5), (5.7), (1.16) and the concavity of w, give

fa Tff+(1—q)(l—T)fq+qfq*1(f—Tf1))

h

which since wy is 1ncreasing gives f4 < 7fl + (1 —q)(1 — 7)f9 + qf 1 (f — 7f1)
which gives ff > (1 —q)f? + qf? ' f1 which is a contradiction since 0 < ¢ < 1 and

fi>f>0.
If hy = 0 then (5.6), (5.7) and (1.16) give

(5.9) hwq( ) < hasg(

Ga) () < hey (OO AT ST, T
q

and since Lemma 1 easily implies

(5.11) wola) — wo(b) > 1i (a—b)

whenever a > b > 1 (5.10) gives f¢ < 7ff+(1—q)(1 —7)f?+qf9*(f —7f1) which
is a contradiction (since 0 < 7 < 1) even if we had assumed f; > f.
If 7hy = h then (5.5), (5.8) and (1.16) give

fq f q q9— —
: R AR U Y

which again using (5.11) leads to a contradiction even if we had assumed f; > f.
This proves (5.1) and then since

(513)  f= lim_ Z /¢mdu< Z hmsup/d)md,u< Z Fu(l

1€7q) 1€7q) 1€

(5.12) hewg (=) < hugy(
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we conclude (taking subsequences) that

(5.14) lim /¢mdﬂ f

m—0o0 lu,
for every I € 7T(;). Moreover the above arguments show that for any I € 7y
and any subsequence (¢m) such that limj_>OC / o = hy; we must have

0 < u(I)h; < h and then we must also have equahty in (5. 9) which follows from
(5.5) and (5.7) which in view of the strict concavity of w, implies (with 7 = p(I))
f1_ Q- -7)f1+qfT (f—7f)
hi h—Thy

equahtles in (1.17) hold for any I € 7(;). But since we also must have equality in
(5.5) where now f; = f, hy = h we conclude that also the third equality in (1.17)
holds for any I € 7(1). Now the proof of Proposition 1 can be easily completed by
induction on the levels of the tree 7.

that =— hence that Ay = h. Thus the first two

6. APPROXIMATIONS OF THE BELLMAN FUNCTIONS, SCALING AND
KOLMOGOROV’S INEQUALITY

Here we will derive certain estimates for the various Bellman functions in order
to get some idea on what Theorem 1 says and then we will use them to study the
behavior of the dyadic maximal function on R™ and the various Bellman functions
that come from (1.4). One could obtain better approximations by iterating the
corresponding estimates in Lemmas 1 and 3. We first have the following.

Proposition 5. The following estimates hold

()

(6.1) Joaf e BT (f.h, f,1) < f —q(l—q)s ' fi"hs
1—¢ T
(ii)
(6.2)
(Gohp1) < LZOL + a7 —q(l=q)s 7 (1= q)L7 + Lt ) Ths
) b 1_q

and

(1—q)L9+qL7 f —q((1 — q)L? + qL9 1 f)! "aha

(6.3)  BI(f.h,L,1)>

I—g¢
(iii)
(6.4)
— — 1/q
BT () < o b~ (R )11 =gl ) k)

(6.5) BZ(ﬂhhﬂk)>7T%EkLWLf—(1—kgthw.
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(iv) The unique in (0, %) solution ko = ko(f, h, L) of the equation Hq(I}(l_LIZ;)) =
i Ly
g (=
- q(f) satisfies
f — e - (=gt g

Proof. (i) and (ii) follow from Corollary 1 combined with Lemma 1 (iv). For (iii)
q

we let A = % > 1 and using the equation satisfied by x (k) and (4.27) we get

(6.7 B hf0) = (2O — pra ke - b,
But (2.11) gives
(6.8) <1féﬁmwa—wl_$§2Hw>=Ml—m=iﬁl—m

hence using (6.8) in (6.7) we get

- _ g (k) (1 —k)zx(k) _
Bq (f7h7f7k) = fik )\(k) (1iq)$)\(k)+q7k1')\(k') B

I q(1 —kzx(k))
(6.9) = [kux(k)"[L (1 —q)ax(k) +q— kxx(k)”

Now (6.4) follows by using (2.19) from Lemma 3 (iv) in (6.9) after observing that

trivially (from 1 < zx (k) < E)

(6.10) (1= q)za(k) + ¢ — kzx(k) < max (1 —k, (1_Q)lc(1_k)> <

To prove (6.5) we use the lower bound from (2.19) in the first equality in (
1 1
observing (now from E(l — (1= kA9 < ) (k) < %) that

S

.9) after

(1 —gar(k) +q—kar(k) (1 ; 91— A~Yay 4 \~La 1 ; q) N

1-k
1—

(6.11) > Tqu — (1 — kA~
To prove (6.6) we write (using (2.11)) the equation for ko as

h(1 — ko)4 1—ko
6.12 =
(012 7 —

(I—q)L+aqf

and note that since L > f and 0 < ky < % the right hand side of (6.12) is between

1 and (one could also use Lemma 1 (iv) in (1.12)). O

1—g¢

Clearly the above Proposition provides estimates for the full Bellman function
BZ(f, h, L, k) since Theorem 1 implies

[ BT(f.ha L, 1) = LA(1— k) if k > ko(f, h, L)
(6.13) Bg(f’h’f’k){ BY(F b f R itk < ko(f.h L)
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Now we come to the dyadic maximal operator on R™, consider a nonnegative
¢ € L'(R™) let [|¢]l; = [gn ¢ and fix a dyadic cube Q. Let D,.(Q) denote the tree

of dyadic subcubes of @ on the probability space (Q, — | [.]). Then we get from

| Q

the above Proposition and Corollary 1 (where Mp,  (g) denotes the local maximal
operator with respect to the tree D,,(Q) and M, the usual dyadic maximal operator
on R™).

Corollary 2. We have for any q with 0 < g < 1.
(i)
(6.14)

| o, @100 < <Ot ([ or—au—aiiar ([ oy o).

(i) If L= sup Avg(9) < Q™" |I¢ll; then
Q:QCQ

(6.15)
oy = L OLTIQI+aL o 6 = a(1 = a) ™ (Jg 0)1/((1 = ) LT 1Q1 + gL Jg )"
JRUZE —
and
(6.16)
|Q‘1_q -1 1_ 1_% / -1
[ty < B [0 oo+ allol™ [ o= —ai 101 (] ool

(iti) If E C @ is measurable then
(6.17)

q |E‘1iq _ (1—(]) |Q| 1/q ‘E| **Jrl q\1/q
[om@on < T [ [ o= (sl ma—Ziars (] oy

(iv) With the above notation
(6.18)

g |E|1_q[ A =Ql iy B i ql/qil
Jomor < T o= g e ) 0 - e e
when |E| < ko |Q| and

(6.19)
1_ B 1_%
[ oy < (1= @)L |B| + gLt o6 = a(1 = )7 (Jg 9/ |(1 = )L [Ql + 4L [y 9]
E 1—¢q
when |E| > ko |Q| where the number ko satisfies
(6.20)
Jo¢ = 1R (Jgon' Jo 6= (1= )2 |QI T+ (J, 09)"/2
-1 < k’o ——+1 L /¢
LIQI = 1QI" =™ (fo 91/ L|Q| - ( QM 1QIT ([, d)V/a Q|

1
(v) Moreover when |E| > 7 fQ ¢ we have

[ gy < KB (LRI B o)
E

21
(6.21) 1—q — 1—gq 1—gq
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1
and when ko |Q| < |E| < I Jo ¢ we have

(6.22) 1
[ < 1hey (G2 ) = 17 g - o] < o

Proof. (i)-(iv) follow easily from the previous Proposition, noting that (6.16) follows
by first using the inequality L < |Q| " |#]l; in (4.15) and then using Lemma 1

(iv). Also from (6.19) when |E| > %ngb we easily get (6.21). When ko |Q| <

1 1
|E| < = quZ) we can argue as follows. We note that (with f = 1] quS and
a
) the function P(z) = hw, (J;LHq(;)> —29(1 — k) is increasing in z
when H, ( 21 - )) > I ) and f <z < f the proof being similar to that of
f—zk h f k’

, : . [z z(1-k)
Lemma 3 using Lemma 1 and the inequality w, FHQ(?) < (ﬁ)q’ to get
-z

- o1 e ?"
AT

1 f—zk f? 1 2 40,7
1_qhz(1 ~7) ffJ(lff])?(?) 2(?
f—zk

(6.23) P'(z) > —1) =gz (1—k) =0,

so with k = @ we can replace L by % in the Bellman function and use Lemma 1
(ii) (a better estimate would follow from Lemma 1 (iv)) to get (6.22). O

It is clear that by Proposition 5 all of the above estimates tend to be sharp when
/. 0 ¢ is fixed and fQ ¢? tends to 0. These thus show that Kolmogorov’s inequality

on Mp, ()¢ and My is sharp (when fQ ¢? tends to 0) and provide improvements

the sharp form of which is obtained by appropriately scaling the exact estimates in
Theorem 1 and Corollary 1.
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