
Algebrikèc Domèc II (2017-2018)
Frontisthriakèc ask seic #1

1. 'Estw R metajetikìc daktÔlioc me mon�da kai I gn sio ide¸dec tou R. DeÐxte ( 
breÐte se k�poio biblÐo thn apìdeixh) ìti up�rqei maximal ide¸dec P tou R me
I ⊆ P .

2. 'Estw R 6= 0 metajetikìc daktÔlioc me mon�da kai a ∈ R. DeÐxte ìti to a eÐnai
antistrèyimo an kai mìno e�n den an kei se kanèna maximal ide¸dec tou R.

3. 'Estw D Akèraia Perioq . Upojètoume ìti to sÔnolo twn idewd¸n thc D eÐnai
peperasmèno. DeÐxte ìti to D eÐnai s¸ma. EpÐshc deixte ìti gia m ≥ 4 sÔn-
jeto akèraio o daktÔlioc Zm twn akeraÐwn modulo m èqei peperasmèno pl joc
idewd¸n all� den eÐnai s¸ma.

4. 'Estw D Perioq  KurÐwn Idewd¸n kai 0 6= I pr¸to ide¸dec tou D. DeÐxte ìti to
ide¸dec I eÐnai maximal.

5. 'Estw D Perioq  KurÐwn Idewd¸n kai (In)n≥1 akoloujÐa idewd¸n thc D me thn
idiìthta ìti

I1 ⊆ I2 ⊆ I3 ⊆ · · · ⊆ In ⊆ · · ·

DeÐxte ìti to I = ∪n≥1In eÐnai ide¸dec tou D kai ìti up�rqei jetikìc akèraioc
n0 me thn idiìthta In = In0 gia k�je n ≥ n0.

6. JewroÔme ton daktÔlio D = Z[x] twn poluwnÔmwn se mia metablht  me akèraiouc
suntelestèc kai ta uposÔnola tou

I = {a0 + a1x+ · · ·+ anx
n : n ≥ 0, ai ∈ Z, a0 = 0}

kai
J = {a0 + a1x+ · · ·+ anx

n : n ≥ 0, ai ∈ Z, 2 | a0}.

(aþ) DeÐxte ìti ta I kai J eÐnai ide¸dh tou D.

(bþ) DeÐxte ìti o daktÔlioc phlÐko D/I eÐnai isìmorfoc me ton daktÔlio Z twn
akeraÐwn. Epomènwc to I eÐnai pr¸to all� ìqi maximal ide¸dec tou D.

(gþ) DeÐxte ìti to J den eÐnai kÔrio ide¸dec tou D. EpÐshc deÐxte ìti o daktÔlioc
phlÐko D/J eÐnai isìmorfoc me ton daktÔlio Z2 twn akeraÐwn modulo 2, �ra
eÐnai s¸ma. Sunep¸c to J eÐnai maximal ide¸dec tou D.

7. 'Estw R 6= 0 metajetikìc daktÔlioc me mon�da. DeÐxte ìti o poluwnumikìc da-
ktÔlioc R[x] eÐnai Perioq  KurÐwn Idewd¸n e�n kai mìno e�n o R eÐnai s¸ma.
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 -- Macaulay2 computer algebra online system 
-- http://habanero.math.cornell.edu:3690/

–  Polynomials taken from  [Brzezinski, Galois Theory Through Exercises]

R = QQ [x]

factor (x^4 +4) -- answer: factor (x^4 +4) 

factor (x^4 +64) -- answer: (x^2-4*x+8)*(x^2+4*x+8)

factor (x^3 -2) -- answer: (x^3 -2)

factor (x^4 +1 ) -- answer: (x^4 +1 )

factor (x^6 + 27)
-- answer: (x^2+3)*(x^2-3*x+3)*(x^2+3*x+3)

isPrime ideal (x^2+1) -- answer true , hence x^2+1 is ireducible in QQ[x]

isPrime ideal (x^3+1) -- answer false, hence x^3+1 is not irreducible in Q[x]
factor (x^3 +1) -- answer: (x+1)*(x^2-x+1)

R = ZZ/2 [x] 
factor (x^7 + 1 ) -- answer: (x+1)*(x^3+x+1)*(x^3+x^2+1)

R = ZZ/3 [x] 

factor (x^3 + 2 ) -- answer: (x-1)^3

factor ( x^4 + x+ 2) -- answer: ( x^4 + x -1 ) 

R = ZZ/5 [x] 

factor (x^4 + 2 ) -- answer: (x^4+2)



--- Find all irreducible polynomails in ZZ/2 [x] up to degree 5

R = ZZ/2[x]

list1 = {x,x+1}

-- degree 2: -- polynomials of the form x^2 + a1*x + a0
list2 = {} 
for a1 from 0 to 1 do 
   for a0 from 0 to 1 do
        if isPrime ideal (1_R*x^2 + a1*x + a0) then 
list2 = list2 | {1_R*x^2 + a1*x + a0} 
list2 -- answer: {x^2+x+1}

-- degree 3: -- polynomials of the form x^3 + a2*x^2 + a1*x + a0
list3 = {} 
for a2 from 0 to 1 do
   for a1 from 0 to 1 do 
      for a0 from 0 to 1 do
        if isPrime ideal (1_R*x^3 + a2*x^2 + a1*x + a0) then (
                list3 = list3 | {1_R*x^3 + a2*x^2 + a1*x + a0} )
list3 -- answer: {x^3+x+1, x^3+x^2+1}

-- degree 4: -- polynomials of the form x^4 + a3*x^3 + a2*x^2 + a1*x + a0
list4 = {} 
for a3 from 0 to 1 do
  for a2 from 0 to 1 do
     for a1 from 0 to 1 do 
         for a0 from 0 to 1 do
             if isPrime ideal (1_R*x^4 +a3*x^3+ a2*x^2 + a1*x + a0) then (
                     list4 = list4 | {1_R*x^4 + a3*x^3 +a2*x^2 + a1*x + a0} )
list4 -- answer: {x^4+x+1, x^4+x^3+1, x^4+x^3+x^2+x+1}

-- degree 5: -- polynomials of the form x^5 +a4*x^4+ a3*x^3+a2*x^2+a1*x + a0
list5 = {} 
for a4 from 0 to 1 do
  for a3 from 0 to 1 do
    for a2 from 0 to 1 do
      for a1 from 0 to 1 do 
        for a0 from 0 to 1 do
          if isPrime ideal (1_R*x^5+ a4*x^4 +a3*x^3+ a2*x^2 + a1*x + a0) then (
                 list5 = list5 | {1_R*x^5 + a4*x^4+ a3*x^3 +a2*x^2 + a1*x + a0} )
list5    -- answer: {x^5+x^2+1, x^5+x^3+1, 
          --                 x^5+x^3+x^2+x+1, x^5+x^4+x^2+x+1, x^5+x^4+x^3+x+1, 
           --                 x^5+x^4+x^3+x^2+1}



Algebrikèc Domèc II (2017-2018)
Frontisthriakèc ask seic #2

1. DeÐxte ìti an F s¸ma, tìte to sÔnolo twn anag¸gwn stoiqeÐwn tou poluwnumikoÔ
daktulÐou F[x] eÐnai �peiro. San sumpèrasma, an F peperasmèno s¸ma, to sÔnolo
A ⊆ Z pou èqei stoiqeÐa touc bajmoÔc anag¸gwn poluwnÔmwn tou F[x] eÐnai
�peiro. (MporeÐ na apodeiqjeÐ ìti to A eÐnai Ðso me to sÔnolo twn jetik¸n
akeraÐwn.)

2. 'Estw K upìswma tou F kai g ∈ F[x]. Upojètoume ìti up�rqei mh mhdenikì
h ∈ K[x] me g · h ∈ K[x]. DeÐxte ìti g ∈ K[x]. DeÐxte me èna par�deigma ìti to
sumpèrasma den isqÔei p�nta an upojèsoume K,F mìno Akèraiec Perioqèc.

3. Upojètoume ìti ta f ∈ Z[x] kai g ∈ Q[x] eÐnai monik� polu¸numa. An to g diaireÐ
to f sto Q[x] deÐxte ìti g ∈ Z[x].

4. 'Estw R metajetikìc daktÔlioc me mon�da, a, b ∈ R kai n ≥ 1 akèraioc. DeÐxte
ìti

(a+ b)n =
n∑

i=0

(
n

i

)
aibn−i.

5. 'Estw D Akèraia Perioq  qarakthristik c p, ìpou p pr¸toc, kai n ≥ 1 akèraioc.
Jètoume q = pn. DeÐxte ìti

(a+ b)q = aq + bq

gia k�je a, b ∈ D.

6. 'Estw p pr¸toc, kai

f = xp−1 + xp−2 + · · ·+ x+ 1 ∈ Q[x]

to p-t�xewc kuklotomikì polu¸numo. Qrhsimopoi¸ntac ton isomorfismì daktu-
lÐwn

Tx+1 : Q[x]→ Q[x],
n∑

i=0

aix
i 7→

n∑
i=0

ai(x+ 1)i

pou diathreÐ bajmoÔc, deÐxte me to krit rio Eisenstein ìti to Tx+1(f) eÐnai an�-
gwgo sto Q[x]. San sumpèrasma èqoume ìti to f eÐnai an�gwgo sto Q[x].

7. 'Estw n ≥ 3 akèraioc. DeÐxte ìti to polu¸numo

f = xn + 11x3 − 33x+ 22

eÐnai an�gwgo sto Q[x].

8. 'Estw
f = x4 − 6x3 + kx2 + 3x+ 4

me k ∈ Z. Gia poiec timèc tou k eÐnai to f an�gwgo sto Q[x];
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Pari/GP: Computer Algebra program for Number Theory

Homepage: https://pari.math.u-bordeaux.fr/

Online platform: http://pari.math.u-bordeaux.fr/gp.html

Online Documentation: https://pari.math.u-bordeaux.fr/dochtml/html-stable/

\\ INDEX

\\ Task 4: keycode: 12145 Find minimal polynomial with Macaulay2 and Pari/GP

\\ Task 3: keycode: 98211 Factoring with Pari/GP over a field extension

\\ Task 2: keycode: 2536 Factoring with Pari/GP over the finite field ZZ/(p)

\\ Task 1: keycode: 8372 Factoring with Pari/GP over the rational numbers

\\ Task 4: keycode: 12145 Find minimal polynomial with Macaulay2 and Pari/GP

-- Example 1, 15apr18, keycode: 156641

-- M2 code related to the discussion at
--
-- https://math.stackexchange.com/questions/
-- 1779204/prove-or-disprove-that-sqrt32-sqrt1-sqrt2-is-aroot-of-a-polynomial
--



-- PROBLEM: Find a nonzero polynomial with integer coefficients that vanishes on 
--
-- u = A + B
--
-- where 
--
-- A = 3rd root of 2
--
-- B = square Root of ( 1+ C )
--
-- and C = square root of 2

-- Macaulay2 code: 

clearAll

R = QQ [A,B,C,u]

I = ideal ( A^3-2, C^2-2 , B^2 - (1+C), u - (A+ B) )

eliminate (I, { A,B,C} )
-- answer: ideal(u^12-6*u^10-8*u^9+9*u^8+28*u^6-144*u^5+
-- 63*u^4+96*u^3-78*u^2-168*u-41)

\\ Pari/gp computation for the minimal polynomial of algebraic integer: 

a=sqrtn(1+sqrt(7),3)
algdep(a,6)
\\ answer: x^6 - 2*x^3 - 6 [M2, p. 42]



\\ Task 3: keycode: 98211 Factoring with Pari/GP over a field extension

\\ Example 1 : Aim: Define t to be a root of pol1 defined below. Find the 
\\ decomposition of pol1 over the field QQ(t)

pol1 = X^4-4*X^3-20*X^2-8*X+4

polisirreducible(pol1) \\answer 1, hence true, so pol1 is irreducible in QQ[t]

print ( lift( factornf(pol1, t^4-4*t^3-20*t^2-8*t+4) ) )
\\answer [X - t, 1; X + (1/2*t^3 - 2*t^2 - 10*t - 4), 1; 
\\ X^2 + (-1/2*t^3 + 2*t^2 + 11*t)*X + 2, 1]

\\ Example 2:
\\ 
\\ Aim: Factor x^4 +1 over QQ[t]/(t^2+1)
pol1 = X^4 +1
polisirreducible(x^4+1) \\answer 1, hence true, so pol1 is irreducible in QQ[t]

print ( lift( factornf( X^4+1 , t^2+1) ) )
\\ answer: [X^2 - t, 1; X^2 + t, 1] 

\\ Task 2: keycode: 2536 Factoring with Pari/GP over the finite field ZZ/(p)

g = Mod ( x^7+1, 2)

polisirreducible (g) \\ answer 0, so g is not irreducible in ZZ/2

fa = factor (g)

print (fa)

\\ answer: 
\\ [ Mod(1, 2)*x + Mod(1, 2), 1;
\\ Mod(1, 2)*x^3 + Mod(1, 2)*x + Mod(1, 2), 1; 
\\ Mod(1,2)*x^3 + Mod(1, 2)*x^2 + Mod(1, 2), 1 ]



\\ Task 1: keycode: 8372 Factoring with Pari/GP over the rational numbers

\\ Example 1, Polynomial is x^4 + 4 \in QQ[x] keycode: 2831124

polisirreducible(x^4+4) 
\\ answer 0, it means false, so x^4+4 is not irreducible in QQ[x]

fa = factor (x^4+ 4) \\ fa has the structure of a 2 \times 2 matrix
print (fa)
\\ answer: [x^2 - 2*x + 2, 1; x^2 + 2*x + 2, 1]
\\ It means fa = (x^2-2*x+2) * (x^2+2*x+2) is the decomposition
\\ of x^4+4 in QQ[x] as product of irreducible polynomials.

\\ Example 2, Polynomial is x^2 - 3 \in QQ[x] keycode: 155252

polisirreducible(x^2-3) 
\\ answer 1, it means true, so x^2-3 is irreducible in QQ[x]



Algebrikèc Domèc II (2017-2018)
Frontisthriakèc ask seic #3

1. 'Estw v ∈ C me el�qisto polu¸numo x2+x+1 epÐ tou Q. DeÐxte ìti v2− 1 6= 0,
kai ekfr�ste to stoiqeÐo (v2 + 1)/(v2 − 1) tou Q(v) sthn morf  a0 + a1v me
suntelestèc a0, a1 ∈ Q.

2. DeÐxte ìti to polu¸numo p = x3 + x + 1 eÐnai an�gwgo epÐ tou Q. 'Estw v ∈ C
mia rÐza tou p. Ekfr�ste ta stoiqeÐa 1/v kai 1/(v + 2) tou Q(v) sthn morf 
a0 + a1v + a2v

2 me suntelestèc a0, a1, a2 ∈ Q.

3. (1) DeÐxte ìti Q(
√
2) = Q[

√
2] kai ìti

√
3 /∈ Q[

√
2].

(2) 'Estw K = Q(
√
2,
√
3). DeÐxte ìti K = Q(

√
2 +
√
3).

(3) DeÐxte ìti to sÔnolo
1,
√
2,
√
3,
√
6

eÐnai mia b�sh tou K san dianusmatikìc q¸roc epÐ tou Q. Sunep¸c
[K : Q] = 4.

(4) Gr�yte ton antÐstrofo wc proc ton pollaplasiasmì tou stoiqeÐou

1 +
√
2 +
√
3 +
√
6

tou K wc proc thn parap�nw b�sh.

(5) BreÐte to el�qisto polu¸numo tou
√
2 +
√
3 epÐ twn Q kai Q[

√
3].

4. BreÐte to el�qisto polu¸numo epÐ tou Q gia kajèna apì ta stoiqeÐa

1 +
√
3,

√
3√
5
,
√
3 +
√
5, (1 + i)

√
3,

√
1 +
√
2.

5. DeÐxte ìti to polu¸numo p = x2 + x + 1 eÐnai an�gwgo epÐ tou Z2. Jètoume
K = Z2[x]/(p). DeÐxte ìti to s¸ma K èqei 4 stoiqeÐa, ta ex c:

0 + (p), 1 + (p), x+ (p), 1 + x+ (p).

Gr�yte touc pÐnakec prìsjeshc kai pollaplasiasmoÔ sto K.

6. DeÐxte ìti to polu¸numo p = x3 + x + 1 eÐnai an�gwgo epÐ tou Z2. Jètoume
K = Z2[x]/(p). Gr�yte ta 8 stoiqeÐa tou s¸matoc K kai touc pÐnakec prìsjeshc
kai pollaplasiasmoÔ sto K. 'Estw v = x + (p) ∈ K. UpologÐste tic dun�meic
vm, gia m ∈ Z. San pìrisma, èqoume ìti h om�da K \ {0} eÐnai kuklik  om�da
t�xhc 7 me genn tora to v.

7. DeÐxte ìti to polu¸numo p = x4 − 2 eÐnai an�gwgo epÐ tou Q. UpologÐste (san
upìswma tou C) to s¸ma riz¸n K tou p epÐ tou Q kai breÐte ton bajmì [K : Q].
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\\     Pari/GP   code for computing Galois groups of field extensions

\\ INDEX

\\ Task 5: keycode: 53134  Computing Galois groups etc. with Pari/GP

\\ 01apr18, 3 Important examples of computation of Galois groups with Pari/GP

nf=nfinit(a^4+1)
polgalois (x^4+1)
\\ answer: [4, 1, 1, "E(4) = 2[x]2"] , this means Z_2 \oplus Z_2
print ( lift(nffactor(nf,x^4+1)) )
\\ answer [x - a, 1; x + a, 1; x - a^3, 1; x + a^3, 1]

nf=nfinit(a^4+2) ;
polgalois (x^4+2)
\\answer: [8, -1, 1, "D(4)"] , this means the Dihedral group of order 8
print (lift(nffactor(nf,x^4+2)))
\\ answer : [x - a, 1; x + a, 1; x^2 + a^2, 1] 

nf=nfinit(a^4+2*a+3)
polgalois (x^4+2*x+3)
\\answer: [24, -1, 1, "S4"]
print ( lift(nffactor(nf,x^4+2*x+3)) )
\\answer: [x - a, 1; x^3 + a*x^2 + a^2*x + (a^3 + 2), 1]

for(i = 5, 9, print (polgalois (x^4+2*x+i) ))
\\ answer: [24, -1, 1, "S4"]
\\ [24, -1, 1, "S4"]
\\ [24, -1, 1, "S4"]
\\ [24, -1, 1, "S4"]
\\ [24, -1, 1, "S4"]



for(i = 5, 30, print
 (i, polgalois (x^4+i) ))
\\ answer: interesting pattern depending on whether i is a sqaure or not 

\\ 5[8, -1, 1, "D(4)"]
\\ 6[8, -1, 1, "D(4)"]
\\ 7[8, -1, 1, "D(4)"]
\\ 8[8, -1, 1, "D(4)"]
\\ 9[4, 1, 1, "E(4) = 2[x]2"]
\\ 10[8, -1, 1, "D(4)"]
\\ 11[8, -1, 1, "D(4)"]
\\ 12[8, -1, 1, "D(4)"]
\\ 13[8, -1, 1, "D(4)"]
\\ 14[8, -1, 1, "D(4)"]
\\ 15[8, -1, 1, "D(4)"]
\\ 16[4, 1, 1, "E(4) = 2[x]2"]
\\ 17[8, -1, 1, "D(4)"]

\\ Example 2, 11apr18, keycode: 2989131
\\ 
\\ Example of working with Galois groups with K the 
\\ splitting field of x^4 + 2 \in QQ[t]

P = x^4 + 2;
print ( lift(factornf ( x^4 + 2, a^4+2 )) ) \\ keycode: 282784
\\ answer: [x - a, 1; x + a, 1; x^2 + a^2, 1]

polisirreducible(P)
\\ answer 1, hence P is irreducible in QQ[t] 

G = galoisinit(P)
\\ answer 0 , problem due perhaps (??) to the fact that P does not factor
\\ completely in QQ[a]/( a^4+2)

K = nfsplitting (P)
\\ answer x^8 - 28*x^4 + 2500
\\ Hence the splitting field of K is isomorphic to QQ[x]/ ( x^8 - 28*x^4 + 2500 )

polgalois ( K)
\\ answer: [8, 1, 4, "D_8(8)=[4]2"]
\\
\\ The Dihedral group of order 8



G = galoisinit(K);
\\
\\ G is the Dihedral group of order 8

galoisexport(G)
\\ answer: "Group((1, 5, 8, 4)(2, 3, 7, 6), (1, 2)(3, 4)(5, 6)(7, 8))"
\\ 
\\ Two elements of S_8 that generate G as a subgroup of S_8.

Galoisexport(G,1)
\\ answer: "PermutationGroup<8|[5, 3, 7, 1, 8, 2, 6, 4], [2, 1, 4, 3, 6, 5, 8, 7]>"
\\ 
\\ The order of the group G and two elements of S_8 that generate G as a group.

galoisidentify(G) \\ answer: [8, 3] Related GAP: First coordinate 8 is the order of the group, 
\\ 3 is the identifier of the group among all groups of order 8

\\ Compare: https://groupprops.subwiki.org/wiki/Groups_of_order_8 and
\\ maths/papadakis_partial_screenshot_groups_of_order_8.png

G.group

u = galoissubgroups(G)

matsize (u)
\\ answer [1, 10] This means G has 10 subgroups

vector(#u, i, galoisisabelian(u[i],1))
\\ answer: [0, 1, 1, 1, 1, 1, 1, 1, 1, 1]
\\
\\ 

vector(#u, i, galoisidentify(u[i]))
\\ answer: [ [8, 3], [4, 1], [4, 2], [4, 2], [2, 1], [2, 1], [2, 1], 
\\ [2, 1], [2, 1], [1, 1]]
\\
\\ [4,1] corresponds to the cyclic order 4 subgroup of G, while
\\ the two [4,2] correspond to the two subgroups of G
\\ which are isomorphic to Z_2 \oplus \Z_2 



\\ 

\\ Example 1, 11apr18, keycode: 113421
\\
\\ Example of working with Galois groups with K the 
\\ splitting field of x^6 + 108 \in QQ[t]

P = x^6 + 108;
polisirreducible(P)
\\ answer 1, hence P is irreducible in QQ[t] 
\\ Notice: 108 = 2^2 * 3^3 , using factor (108)

K = nfsplitting (P)
\\ K is the splitting field of P
\\ answer: x^6 + 108 
\\ Hence P splits completely over QQ[a]/(a^6+108)
\\ and K = QQ[a]/(a^6+108)

print ( lift(factornf ( x^6 + 108, a^6+108 )) ) \\ keycode: 282784
\\ answer: [ x - a, 1; x + a, 1; 
\\ x + (-1/12*a^4 - 1/2*a), 1; x + (-1/12*a^4 + 1/2*a), 1; 
\\ x + (1/12*a^4 - 1/2*a), 1; x + (1/12*a^4 + 1/2*a), 1 ]
\\ 
\\ This means, that X^6+ 108 has 6 roots in QQ[a]/(a^6+108) 
\\ and the roors are 
\\
\\ a, -a , root_{e1,e2} = (-1/12* e_1 * a^4 - 1/2*e_2 *a)
\\ 
\\ for all possible e_1, e_2 \in {1, -1} 

G = galoisinit(K);

polgalois ( G.pol)
[6, -1, 2, "D_6(6) = [3]2"] -- it is a group isomorphic to S_3 considered as
-- subgroup of S_6

galoisexport(G)
\\ answer: "Group((1, 2, 3)(4, 5, 6), (1, 4)(2, 6)(3, 5))"
\\ 
\\ Two elements of S_6 that generate G as a subgroup of S_6.

galoisexport(G,1)
\\ answer: "PermutationGroup<6|[2, 3, 1, 5, 6, 4], [4, 6, 5, 1, 3, 2]>"
\\ 
\\ The order of the group G and two elements of S_6 that generate G as a group.



galoisidentify(G) \\ answer: [6, 1] Related GAP: First coordinate 6 is the order of the group, 
\\ 6 is the identifier of the group among all groups of order 1

\\ Compare: https://groupprops.subwiki.org/wiki/Groups_of_order_6 and
\\ maths/papadakis_partial_screenshot_groups_of_order_6.png

G.group
\\ answer: [Vecsmall([1, 2, 3, 4, 5, 6]), Vecsmall([2, 3, 1, 5, 6, 4]), 
\\ Vecsmall([3,1, 2, 6, 4, 5]), Vecsmall([4, 6, 5, 1, 3, 2]), 
\\ Vecsmall([5, 4, 6, 2, 1, 3]), Vecsmall([6, 5, 4, 3, 2, 1])]
\\
\\ Very likely, it means that G is the subgroup of S_4 with 6 elements,
\\ namely s_1 = identity = i \mapsto i for all 1 \leq i \leq 6
\\ s_2 : 1 \mapsto 2, 2 \mapsto 3, 3 \mapsto 1, 
\\ 4 \mapsto 5, 5 \mapsto 6 , 6 \mapsto 4
\\ that is s_2 = (1,2,3) (4,5,6)
\\
\\ s_3 : 1 \mapsto 3, 2 \mapsto 1, 3 \mapsto 2, 
\\ 4 \mapsto 6, 5 \mapsto 4 , 6 \mapsto 5
\\ that is s_3 = (1,3,2) (4,6,5) = s_2 \circ s_2
\\
\\ s_4 : 1 \mapsto 4, 2 \mapsto 6, 3 \mapsto 5, 
\\ 4 \mapsto 1, 5 \mapsto 3 , 6 \mapsto 2
\\ that is s_4 = (1,4) (2,6)(3,5)
\\
\\ s_5 : 1 \mapsto 5, 2 \mapsto 4, 3 \mapsto 6, 
\\ 4 \mapsto 2, 5 \mapsto 1 , 6 \mapsto 3
\\ that is s_5 = (1,5) (2,4) (3,6)
\\
\\ s_6 : 1 \mapsto 6, 2 \mapsto 5, 3 \mapsto 4, 
\\ 4 \mapsto 3, 5 \mapsto 2, 6 \mapsto 1
\\ that is s_6 = (1,6) (2,5) (3,4)

G.gen \\answer: [Vecsmall([2, 3, 1, 5, 6, 4]), Vecsmall([4, 6, 5, 1, 3, 2])]
\\
\\ Hence G is generated (as a group) by the set { s_2, s_4 }

G.orders \\ answer: Vecsmall([3, 2]) , this means 
\\ order (s_2) = 3 , order (s_4) = 2 



\\ (where order means order of an element of a group )

galoisisabelian (G) \\answer 0, which means false. Expected since S_3 is not abelian

u = galoissubgroups(G)

matsize(u) \\ answer [1, 6]

u[1] 
\\ answer: [[Vecsmall([2, 3, 1, 5, 6, 4]), Vecsmall([4, 6, 5, 1, 3, 2])], Vecsmall([, 2])]
\\ Hence we get S_3 as subgroup of S_3

u[2] 
\\ answer: [[Vecsmall([2, 3, 1, 5, 6, 4])], Vecsmall([3])]
\\ Hence we get the cyclic group of order 3 generated by s_2 

u[3]
\\ answer: [[Vecsmall([4, 6, 5, 1, 3, 2])], Vecsmall([2])]
\\ Hence we get the cyclic group of order 2 generated by s_4

u[4]
\\ answer: [[Vecsmall([6, 5, 4, 3, 2, 1])], Vecsmall([2])]
\\ Hence we get the cyclic group of order 2 generated by s_6

u[5]
\\ answer: [[Vecsmall([5, 4, 6, 2, 1, 3])], Vecsmall([2])]
\\ Hence we get the cyclic group of order 2 generated by s_6

u[6]
\\ answer: [[], Vecsmall([])]
\\ Hence we get the trivial subgroup of S_3 

F1= galoisfixedfield( G, u[1] , 2)
\\ answer: [x, Mod(0, x^6 + 108), [x^6 + 108]]
\\
\\ u[1] is the whole Galois group S_3, hence F1 =QQ
\\ so the meaning is that F_1 = QQ [x] / (x) = QQ \subset K
\\ 
\\ The last component is how x^6 + 108 splits over F1



F2 = galoisfixedfield( G, u[2] , 2 )
\\ answer: [x^2 + 972, Mod(3*x^3, x^6 + 108), [x^3 - 1/3*y, x^3 + 1/3*y]]
\\
\\ Apparently, we have F_2 \iso QQ [x] / (x^2+971) 
\\
\\ The last component is how x^6 + 108 splits over F2, where 
\\ by the second component F2 = Q ( 3*x^3) \subset K
\\ 
\\ where K computed above is the splitting field of P

galoisfixedfield( G, u[3] , 2 )
\\ answer: [x^3 + 54, Mod(1/12*x^4 + 3/2*x, x^6 + 108), 
\\ [x^2 - y*x + 1/3*y^2, x^2 + 1/3*y^2, x^2 + y*x + 1/3*y^2]]

galoisfixedfield( G, u[4] ,2 )
\\ answer: [x^3 + 864, Mod(2*x^2, x^6 + 108), 
\\ [x^2 - 1/2*y, x^2 - 1/24*y^2*x - 1/2*y, x^2 + 1/24*y^2*x - 1/2*y]]

galoisfixedfield( G, u[5] ,2 )
\\ answer: [x^3 - 54, Mod(-1/12*x^4 + 3/2*x, x^6 + 108), 
\\ [x^2 - y*x + 1/3*y^2, x^2 + y*x + 1/3*y^2, x^2 + 1/3*y^2]]

galoisfixedfield( G, u[6] , 2 )
\\ answer: [x^6 + 108, Mod(x, x^6 + 108), 
\\ [x - y, x + (-1/12*y^4 + 1/2*y), 
\\ x + (1/12*y^4 + 1/2*y), x + (-1/12*y^4 - 1/2*y), 
\\ x + (1/12*y^4 - 1/2*y), x + y]]
\\
\\ Hence the subgroup is trivial.

vector(#u, i, galoisisabelian(u[i],1))
\\answer: [0, 1, 1, 1, 1, 1]
\\ Meaning: The first subgroup is not abelian, all the other are

vector(#u, i, galoisidentify(u[i]))
\\ answer: [[6, 1], [3, 1], [2, 1], [2, 1], [2, 1], [1, 1]] 
\\
\\ REMARK: galoisidentify (u[i]) returns a pair [a,b] where a is the order of 
\\ the group u[i] and b is the group index in the GAP4 Small Group 
\\ library, by Hans Ulrich Besche, Bettina Eick and Eamonn O'Brien. 


