AlyveBpwxéc Aopéc 11 (2017-2018)
PoovtioTnptaxeg aoxnoelc #1

1. 'Botw R petadetindg daxtOMOC Ue povdda xou I yvrioto Wewdeg tou R. Acigte (n

Beeite oe xdnowo PiBhio v anddeln) 6Tt undpyet maximal Wewdec P tou R ye
I CP.

2. 'BEow R # 0 yetadetindg daxtOMOC Ue wovdda xon a € R. Aelgte 611 10 a civon
OVTIOTEEPIUO oV xa UOVO €AY OEV avixel ot xavévo maximal 1W0ewdeg Tou R.

3. 'BEoww D Axépara Iepoy. Trodétoupe 6Tt 10 6OvVOro TV Wewdwy g D civon
nenepoopévo. Aeléte ot to D ebvan oopo. Exfong deilte ot yiao m > 4 olv-
Yeto axépato 0 daxTOMOS Zy, twv axepalwy modulo m €yet nencpacuévo mhflog
WOEWOWY aAAd BeV elvan owua.

4. 'BEotww D Ilepioyy, Kuploy Idewdwy xat 0 # I mpaTo wemdeg Tou D. Actlte 6Tt 10
10emdec I elvar maximal.

5. 'Boww D Iepoyh Kuplwv I8ewdmdv xa (1,,)n>1 oxoroudio 8ewdmy e D ue v
WOTNTA OTL
LCLC;C---CI,C---
Aceilte 6Tt 10 [ = Up>11, elvan 1dewdec Tou D xon 6Tt umdpyet VeTinds axéponog
ng Ye v wotnta I, = I, v xdde n > ng.

6. Ocwpolye tov daxtiho D = Z[z] twv ToAeVIUWY GE Ua JETOBANTY Ye axépotous
OUVTEAECTEC %Ol TOL UTOGUVOAN TOU

I={ay+ax+---+a,2": n>0, a; € Z, ag =0}

O
J={ay+ax+---+a2": n>0, a; €Z, 2| ap}.

(o) AciErte bt tar I xon J efvon 1dewddn Tou D.

(B) Acigte 6t o daxtihog mnhixo D/I elvon 106uop@oc ue tov daxtiho Z twv
axepaiwv. Enopévee to I etvon mpwto ahhd 6yt maximal 1dewdec tou D.

(Y) Acei&te 61 10 J dev ebvar x0pto eddeg tou D. Exiong Sei€te 61 o Saxtdhog
mnAixo D/ J eivon 166pop@oc e Tov SaxTUA0 Zs Twv oxepoiny modulo 2, doa
elvon owya. Xuvenwg to J elvon maximal Wewdeg tou D.

7. 'BEotww R # 0 petodetinde doxtOMOC Ye povdda. AclEte Tt 0 TOAWVUIXOS Ba-
xtohog R[z] etvan Tleproyh Kuplwy Ioewdov €dv xar uévo edv o R eivon adya.



-- Macaulay2 computer algebra online system
-- http://habanero.math.cornell.edu:3690/

— Polynomials taken from [Brzezinski, Galois Theory Through Exercises]

R =QQ [x]

factor (x4 +4) -- answer: factor (x4 +4)

factor (x4 +64) -- answer: (x"2-4*x+8)*(x"2+4*x+8)

factor (x"3 -2) -- answer: (x3 -2)

factor (x4 +1 ) -- answer: (x4 +1)

factor (x6 + 27)

-- answer: (X"2+3)*(x"2-3*x+3)*(x"2+3*x+3)

isPrime ideal (x"2+1) -- answer true , hence x*2+1 is ireducible in QQJ[x]

isPrime ideal (x*3+1) -- answer false, hence x*3+1 is not irreducible in Q[x]
factor (x*3 +1) -- answer: (x+1)*(x"2-x+1)

R=77/2 [x]
factor (x7 + 1) -- answer: (x+1)*(x"3+x+1)*(x*3+x"2+1)

R=277/3 [x]

factor (x*3 + 2 ) -- answer: (x-1)"3

factor ( x*4 + x+ 2) -- answer: (x4 +x-1)

R =277/5[x]

factor (x4 + 2 ) -- answer: (x"4+2)



--- Find all irreducible polynomails in ZZ/2 [x] up to degree 5
R =77/2[x]
listl = {x,x+1}

-- degree 2: -- polynomials of the form x*2 + al*x + a0
list2 = {}
for al from 0 to 1 do
for a0 from O to 1 do
if isPrime ideal (1_R*x"2 + al*x + a0) then
list2 =1ist2 | {I_R*x"2 +al*x + a0}
list2 -- answer: {x"2+x+1}

-- degree 3: -- polynomials of the form x*3 + a2*x"2 + al*x + a0
list3 = {}
for a2 from 0 to 1 do
foral from O to 1 do
for a0 from 0 to 1 do
if isPrime ideal (1 _R*x”3 + a2*x"2 + al*x + a0) then (
list3 =list3 | {1 R*x"3 +a2*x"2 +al*x +a0} )
list3 -- answer: {x"3+x+1, x"3+x"2+1}

-- degree 4: -- polynomials of the form x4 + a3*x"3 + a2*x"2 + al*x + a0
list4 = {}
for a3 from O to 1 do
for a2 from O to 1 do
foral from Oto 1 do
for a0 from O to 1 do
if isPrime ideal (1 _R*x"4 +a3*x"3+ a2*x"2 + al*x + a0) then (
listd =list4 | {1 R*x"4 + a3*x"3 +a2*x"2 + al*x +al} )
list4 -- answer: {x"4+x+1, x 4+x"3+1, x 4+x"3+x"2+x+1}

-- degree 5: -- polynomials of the form x5 +a4*x"4+ a3*x"3+a2*x"2+al*x + a0
list5 = {}
for a4 from 0 to 1 do
for a3 from 0 to 1 do
for a2 from 0 to 1 do
for al from 0 to 1 do
for a0 from 0 to 1 do
if isPrime ideal (1 _R*x 5+ a4*x"4 +a3*x"3+ a2*x”"2 + al*x + a0) then (
list5 = list5 | {1 _R*x"S + ad*x4+ a3*x"3 +a2*x"2 +al*x + a0} )

list5 -- answer: {x"5+x"2+1, x"5+x"3+1,

-- XASHXAZEXA2+x+], XASHXMAXA2+X+], XASHXMAAXA3+Hx+H],

-- XNSHXNMAXAZ X241}



AlyveBpwxéc Aopéc 11 (2017-2018)
PoovrioTnplaxec aoxnoelg #2

. Actgte 6Tt av F oo, 16T 10 6UVOLO TWVY OVIYOY®Y GTOLYEIWY TOU TOALWVUULXOU
Saxtuliou Flz] etvon dnepo. Yav ouunépaoua, av IF tenepacuévo omua, 10 alvoho
A C 7Z mou éyet otoyela toug Baduolc avay®dywy moluwviywy tou Flz] eivo
dretpo.  (Mropel vo anoderyvel 6t 10 A ebvan (0o pe 0 olvoro twv YeTxdy
axepaiov. )

. 'Eow K vnéowpa tou F xa g € Flz]. Trodétouye du undpyer un undevixd
h e Kz] pye g-heKz]. Acilte 61 g € K[z]. Acilte ye éva nopdderypa 6t 10
cuunépacpa 0ev toylel mavta av unodécouue K, F uévo Axépoeg Ieployéc.

. TrnoWérouye 6t o f € Zlz] xu g € Q[z] elvon yovixd nohudvupa. Av to g drounpef
10 f oto Q] deilte 6t g € Z[x].

. 'BEotw R petadetinog daxtOMog ue uovdda, a,b € R xou n > 1 oxépatog. Aeilte

ot .
n . )
bn: 'Lbnfl'
(a+0) E (Z)a

i=0
. 'Eotw D Axépoa TTeploy| yapaxtnplotinic p, 6mou p np®tog, xou n > 1 axépaiog.
Oétouue ¢ = p". Aceflte 6Tt

(a+b0)7=a?+ b
v xdde a,b € D.
. 'Eotw p npwrog, xo
f=aP 4P 24 ...+ +1 €Qla

TO P-TAZEWS XUXAOTOPIXO TOAUGYUUO. XOTCLIOTOWWVTAS TOV LOOUORPICHO DO TU-
Mowv

Tos1 = Qlz] — Qla], Z a;z’ = Zai($ +1)
mou otatrpet Baduole, Seilte ue 1o xpwﬁlpt(; Eisenst;ir(i 6t to Ty (f) elvon avd-
yYwyo oto Qlz]. Xav cuurnépacuo éyouue ott 10 f elvar avdywyo oto Qz].
. 'BEotw n > 3 axépaog. Aetllte 6Tl T0 TOAUGYLNO
f=a"+112® — 33z + 22
elvor avaywyo oto Q[z].

. 'Eotww
f=a2"—62"+ka’+ 3z + 4

ue k € Z. T moteg wée tou k ebvon 1o f avdywyo oto Qzl;



Pari/GP: Computer Algebra program for Number Theory
Homepage: https://pari.math.u-bordeaux.fr/
Online platform: http://pari.math.u-bordeaux.fr/gp.html

Online Documentation: https://pari.math.u-bordeaux.fr/dochtml/html-stable/

\\ INDEX

\\ Task 4: keycode: 12145 Find minimal polynomial with Macaulay2 and Pari/GP
\\ Task 3: keycode: 98211 Factoring with Pari/GP over a field extension
\\ Task 2: keycode: 2536 Factoring with Pari/GP over the finite field ZZ/(p)

\\ Task 1: keycode: 8372 Factoring with Pari/GP over the rational numbers

\\ Task 4: keycode: 12145 Find minimal polynomial with Macaulay2 and Pari/GP

-- Example 1, 15apr18, keycode: 156641

-- M2 code related to the discussion at

-- https://math.stackexchange.com/questions/
-- 1779204/prove-or-disprove-that-sqrt32-sqrt1-sqrt2-is-aroot-of-a-polynomial



-- PROBLEM: Find a nonzero polynomial with integer coefficients that vanishes on

--u=A+B

-- where

-- A =3rd root of 2

-- B =square Root of ( 1+ C)

-- and C = square root of 2

-- Macaulay?2 code:

clearAll

R=QQ [A,B,C,u]

I=ideal (A"3-2, C"2-2,B"2 - (1+C), u - (A+ B) )

eliminate (I, { A,B,C} )
-- answer: ideal(u™12-6*u”10-8*u"9+9*u"8+28*u"6-144*u"5+
-- 63*u"4+96*u"3-78*u"2-168*u-41)

\\ Pari/gp computation for the minimal polynomial of algebraic integer:

a=sqrtn(1+sqrt(7),3)
algdep(a,6)
\\ answer: x"6 - 2*¥x"3 - 6 [M2, p. 42]



\\ Task 3: keycode: 98211 Factoring with Pari/GP over a field extension

\\ Example 1 : Aim: Define t to be a root of poll defined below. Find the
\\ decomposition of poll over the field QQ(t)

poll = X"4-4*X"3-20*%X"2-8*X+4

polisirreducible(poll) \\answer 1, hence true, so poll is irreducible in QQ[t]

print ( lift( factornf(poll, t*4-4*t"3-20*t"2-8*t+4) ) )
\\answer [X - t, 1; X + (1/2*%t"3 - 2*t"2 - 10*t - 4), 1;
\ XA2 4 (-1/2%73 + 2%t72 + 11*)*X + 2, 1]

\\ Example 2:

\\

\\ Aim: Factor x4 +1 over QQ[t]/(t*2+1)

poll = X4 +1

polisirreducible(x”4+1) \\answer 1, hence true, so poll is irreducible in QQ[t]

print ( lift( factornf( X*4+1 , t"2+1)))
\\answer: [X"2 -t, 1; X"2 +1, 1]

\\ Task 2: keycode: 2536 Factoring with Pari/GP over the finite field ZZ/(p)

g=Mod ( x*7+1, 2)

polisirreducible (g) \\ answer 0, so g is not irreducible in ZZ/2

fa = factor (g)

print (fa)

\\ answer:

\\ [ Mod(1, 2)*x + Mod(1, 2), 1;

\\ Mod(1, 2)*x"3 + Mod(1, 2)*x + Mod(1, 2), 1;

\\ Mod(1,2)*x"3 + Mod(1, 2)*x*2 + Mod(1, 2), 1 ]



\\ Task 1: keycode: 8372 Factoring with Pari/GP over the rational numbers

\\ Example 1, Polynomial is x4 + 4 \in QQJ[x] keycode: 2831124

polisirreducible(x"4+4)
\\ answer 0, it means false, so x"*4+4 is not irreducible in QQ[x]

fa = factor (x"4+ 4) \\ fa has the structure of a 2 \times 2 matrix
print (fa)

\\answer: [x"2 - 2*x + 2, 1; x"2 +2*x + 2, 1]

\\ It means fa = (x"2-2*x+2) * (x"2+2*x+2) is the decomposition
\\ of x*4+4 in QQJ[x] as product of irreducible polynomials.

\\ Example 2, Polynomial is x*2 - 3 \in QQ[x] keycode: 155252

polisirreducible(x”2-3)
\\ answer 1, it means true, so x"2-3 is irreducible in QQ[x]



AlyveBpwxéc Aopéc 11 (2017-2018)
PoovtioTNplaxec aoxnoelc #3

. 'Eotw v € C pe ehdyioto nohumvupo 22+ + 1 enl tou Q. Aetfte 61 v —1 #0,
xau exppdote to otoyelo (v2 + 1)/(v? — 1) tou Q(v) oty Yopyh ag + a1v e
OLVTEAEOTEC ag, a1 € Q.

. Aci€te 6t 1o Tohudvupo p = 2% + x + 1 ebvon avdywyo ent tou Q. ‘Eotw v € C
wot pia Tou p. Exgpdote ta otoryeia 1/v xaw 1/(v+2) tou Q(v) oty popet
ap + a1v + agv? pe oUVTEAESTEC ap, Ay, as € Q.

(1) Acite 61t Q(v2) = Q[v?2] xa 61 3 ¢ Q[V2].

(2) Eow K= Q(v2,V3). ActEte 6u K= Q(V2 + V3).

(3) AciZte 611 10 6Uvoro
1, V2, V3, V6

elvon wa Baor tou K cav dtavuouatinog yweog ent tou Q. Yuvenng
K: Q] =4.

(4) pddte tov avtiotpogo we mpog Tov TOAATAACLUoUS TOU GTOoLyElOU

1+vV2+V34+16
Tou K w¢ mpog tny moagandve Bdor.
(5) Beeite 10 eAdyloto TOAUGYLLO TOU V2 4+ V3 enl tov Q xou Q[\/g]

. Beeite 10 ehdyioto mohuwvupo ext tou Q yio xadéva amd tor oTotyela

14 V3, % VavE  (1+ivE itve

. AcefZte 6t t0 mohudvugo p = 2% + x + 1 ebvon avdywyo exl tou Zy. Oétouue
K = Zy[x]/(p). AeiZre 6t 0 odpa K éyet 4 ortovyeia, ta e&hc:

0+(p), 1+(@), z+(@), 1+z+(p).
I'eddte Toug nivaxeg mpbdoieong xaw tohhanioctacuol oto K.

. Aeigte 6T 10 TohuwvLLo p = 2 + x + 1 ebvon avdywyo exl Tou Zy. Oétouye
K = Zs[x]/(p). Teddte ta 8 otovyeia tou oduatoc K xon toug nivaxeg npdodeorng
xou modhamhaotaopol oto K. Eotw v = x + (p) € K. Troloylote tic Suvdyels
v,y m € Z. Xav néploua, €youue 61t 1 opdda K\ {0} ebvar xuxhixdy oudda
TAENG T UE YEVVATOPA TO .

. AefZte 6T 1o Tohudvupo p = zt — 2 eivon avdywyo ent Tou Q. Troloyiote (cov
unéowpe Tou C) 10 oodua pildv K tou p exri tou Q xau Peeite tov Padusd K : Q).



\\  Pari/GP code for computing Galois groups of field extensions

\\ INDEX

\\ Task 5: keycode: 53134 Computing Galois groups etc. with Pari/GP

\\ 0lapr18, 3 Important examples of computation of Galois groups with Pari/GP

nf=nfinit(a"4+1)

polgalois (x4+1)

\\ answer: [4, 1, 1, "E(4) = 2[x]2"], this means Z 2 \oplus Z 2
print ( lift(nffactor(nf,x"4+1)) )

\\answer [x -a, 1;x+a, 1;x-a"3, 1; x + a3, 1]

nf=nfinit(a"4+2) ;

polgalois (x"4+2)

\\answer: [8, -1, 1, "D(4)"], this means the Dihedral group of order 8
print (lift(nffactor(nf,x"4+2)))

\\answer : [x -a, I;x +a, 1; x"2 + a2, 1]

nf=nfinit(a"4+2*a+3)

polgalois (x4+2*x+3)

\\answer: [24, -1, 1, "S4"]

print ( lift(nffactor(nf,x"4+2*x+3)) )

\\answer: [X - a, 1; x"3 + a*x"2 + a"2*x + (a"3 + 2), 1]

for(i=15, 9, print (polgalois (x 4+2*x+1) ))
\\ answer: [24, -1, 1, "S4"]

\[24, -1, 1, "S4"]

\ [24, -1, 1, "S4"]

\[24, -1, 1, "S4"]

\ [24, -1, 1, "S4"]



for(i=15, 30, print
(1, polgalois (x"4+1) ))
\\ answer: interesting pattern depending on whether i is a sqaure or not

\5[8, -1, 1, "D(4)"]

\6[8, -1, 1, "D(4)"]

\7[8, -1, 1, "D(4)"]

\8[8, -1, 1, "D(4)"]

\9[4, 1, 1, "E(4) = 2[x]2"]
\ 10[8, -1, 1, "D(4)"]

W 11[8, -1, 1, "D(4)"]
\12[8, -1, 1, "D(4)"]
\13[8, -1, 1, "D(4)"]

\ 14[8, -1, 1, "D(4)"]

\ 15[8, -1, 1, "D(4)"]

\ 16[4, 1, 1, "E(4) = 2[x]2"]
\17[8, -1, 1, "D(4)"]

\\ Example 2, 11apr18, keycode: 2989131

\\

\\ Example of working with Galois groups with K the
\\ splitting field of x4 + 2 \in QQ|[t]

P=x"+2;
print ( lift(factornf ( x4 + 2, a"4+2 )) ) \\ keycode: 282784
\\answer: [x-a, I;x+a, 1;x"2+a"2, 1]

polisirreducible(P)
\\ answer 1, hence P is irreducible in QQJt]

G = galoisinit(P)
\\ answer 0 , problem due perhaps (??) to the fact that P does not factor
\\ completely in QQ[a]/( a"4+2)

K = nfsplitting (P)
\\ answer x"8 - 28*x"4 + 2500
\\ Hence the splitting field of K is isomorphic to QQ[x]/ ( x*8 - 28*x”4 + 2500 )

polgalois ( K)

\\ answer: [8, 1,4, "D _8(8)=[4]2"]
\\

\\ The Dihedral group of order 8



G = galoisinit(K);
\\
\\ G is the Dihedral group of order 8

galoisexport(G)

\\ answer: "Group((1, 5, 8, 4)(2, 3, 7, 6), (1, 2)(3, 4)(5, 6)(7, 8))"
\\

\\ Two elements of S_8 that generate G as a subgroup of S_8.

Galoisexport(G,1)

\\ answer: "PermutationGroup<S§|[5, 3,7, 1, 8, 2, 6,4],[2, 1,4, 3,6, 5,8, 7]>"
\\

\\ The order of the group G and two elements of S_8 that generate G as a group.

galoisidentify(G) \\ answer: [8, 3] Related GAP: First coordinate 8 is the order of the group,
\\ 3 is the identifier of the group among all groups of order 8

\\ Compare: https://groupprops.subwiki.org/wiki/Groups_of order 8 and
\\ maths/papadakis_partial screenshot groups of order 8.png

G.group

u = galoissubgroups(G)

matsize (u)
\\ answer [1, 10] This means G has 10 subgroups

vector(#u, 1, galoisisabelian(u[i],1))
\answer: [0, 1,1,1,1,1, 1,1, 1, 1]
\\
\\

vector(#u, 1, galoisidentify(u[1]))

\\answer: [ [8, 3], [4, 1], [4, 2], [4, 2], [2, 1], [2, 1], [2, 1],
\[2, 11, [2, 11,1, 1]]

\\

\\ [4,1] corresponds to the cyclic order 4 subgroup of G, while
\\ the two [4,2] correspond to the two subgroups of G

\\ which are isomorphic to Z 2 \oplus \Z 2



\\

\\ Example 1, 11aprl8, keycode: 113421

\\

\\ Example of working with Galois groups with K the
\\ splitting field of x*6 + 108 \in QQJ[t]

P=x"6+ 108;

polisirreducible(P)

\\ answer 1, hence P is irreducible in QQJt]

\\ Notice: 108 = 2”2 * 373 | using factor (108)

K = nfsplitting (P)

\\ K is the splitting field of P

\\ answer: X6 + 108

\\ Hence P splits completely over QQ[a]/(a"6+108)
\\'and K = QQ[a]/(a"6+108)

print ( lift(factornf ( x*6 + 108, a”6+108 )) ) \\ keycode: 282784
\\answer: [ x-a, l;x+a, I;

\\x + (-1/12*a™4 - 1/2*a), 1; x + (-1/12*a™4 + 1/2*a), 1;

W\ x + (1/12%a - 1/2%a), 1; x + (1/12%a™ + 1/2*a), 1 ]

\\

\\ This means, that X*6+ 108 has 6 roots in QQ[a]/(a”6+108)
\\ and the roors are

\\

\\a, -a,root {el,e2} =(-1/12*e 1 * a4 - 1/2%e_2 *a)

\\

\\ for all possiblee 1,e 2\in {1, -1}

G = galoisinit(K);

polgalois ( G.pol)
[6,-1,2,"D_6(6)=[3]2"] -- it is a group isomorphic to S_3 considered as
-- subgroup of S 6

galoisexport(G)

\\ answer: "Group((1, 2, 3)(4, 5, 6), (1, 4)(2, 6)(3, 5))"

\\

\\ Two elements of S_6 that generate G as a subgroup of S_6.

galoisexport(G,1)

\\ answer: "PermutationGroup<6|[2, 3, 1, 5, 6, 4], [4, 6,5, 1, 3, 2]>"

\\

\\ The order of the group G and two elements of S_6 that generate G as a group.



galoisidentify(G) \\ answer: [6, 1] Related GAP: First coordinate 6 is the order of the group,
\\ 6 is the identifier of the group among all groups of order 1

\\ Compare: https://groupprops.subwiki.org/wiki/Groups_of order 6 and
\\ maths/papadakis_partial screenshot groups of order 6.png

G.group

\\ answer: [Vecsmall([1, 2, 3, 4, 5, 6]), Vecsmall([2, 3, 1, 5, 6, 4]),
\\ Vecsmall([3,1, 2, 6, 4, 5]), Vecsmall([4, 6, 5, 1, 3, 2]),
\\ Vecsmall([5, 4, 6, 2, 1, 3]), Vecsmall([6, 5, 4, 3, 2, 1])]
\\

\\ Very likely, it means that G is the subgroup of S 4 with 6 elements,
\\namely s 1 = identity =1 \mapsto 1 for all 1 \leq 1 \leq 6
\\'s 2 : 1 \mapsto 2, 2 \mapsto 3, 3 \mapsto 1,

\\ 4 \mapsto 5, 5 \mapsto 6 , 6 \mapsto 4

\\thatiss 2=(1,2,3) (4,5,6)

\\

\\'s 3 : 1 \mapsto 3, 2 \mapsto 1, 3 \mapsto 2,

\\ 4 \mapsto 6, 5 \mapsto 4 , 6 \mapsto 5

\\thatiss 3=(1,3,2) (4,6,5) =s 2 \circs_2

\\

\\'s_4: 1 \mapsto 4, 2 \mapsto 6, 3 \mapsto 5,

\\' 4 \mapsto 1, 5 \mapsto 3 , 6 \mapsto 2

\\thatis s 4 =(1,4) (2,6)(3,5)

\\

\\s_5: 1 \mapsto 5, 2 \mapsto 4, 3 \mapsto 6,

\\ 4 \mapsto 2, 5 \mapsto 1 , 6 \mapsto 3

\\thatiss 5=(1,5) (2,4) (3,6)

\\

\\'s_6: 1 \mapsto 6, 2 \mapsto 5, 3 \mapsto 4,

\\ 4 \mapsto 3, 5 \mapsto 2, 6 \mapsto 1

\\'thatiss 6 =(1,6) (2,5) (3,4)

G.gen \\answer: [Vecsmall([2, 3, 1, 5, 6, 4]), Vecsmall([4, 6, 5, 1, 3, 2])]
\\
\\ Hence G is generated (as a group) by the set { s 2,s 4 }

G.orders \\ answer: Vecsmall([3, 2]) , this means
\\order (s 2) =3, order (s 4)=2



\\ (where order means order of an element of a group )

galoisisabelian (G) \\answer 0, which means false. Expected since S_3 is not abelian

u = galoissubgroups(G)

matsize(u) \\ answer [1, 6]

u[l]
\\ answer: [[Vecsmall([2, 3, 1, 5, 6, 4]), Vecsmall([4, 6, 5, 1, 3, 2])], Vecsmall([, 2])]
\\ Hence we get S 3 as subgroup of S 3

u[2]
\\ answer: [[Vecsmall([2, 3, 1, 5, 6, 4])], Vecsmall([3])]
\\ Hence we get the cyclic group of order 3 generated by s 2

u[3]
\\ answer: [[Vecsmall([4, 6, 5, 1, 3, 2])], Vecsmall([2])]
\\ Hence we get the cyclic group of order 2 generated by s 4

uf4]
\\ answer: [[Vecsmall([6, 5, 4, 3, 2, 1])], Vecsmall([2])]
\\ Hence we get the cyclic group of order 2 generated by s_6

u[5]
\\ answer: [[Vecsmall([5, 4, 6, 2, 1, 3])], Vecsmall([2])]
\\ Hence we get the cyclic group of order 2 generated by s 6

u[6]
\\ answer: [[], Vecsmall([])]
\\ Hence we get the trivial subgroup of S 3

F1= galoisfixedfield( G, u[1], 2)

\\ answer: [x, Mod(0, x"6 + 108), [x"6 + 108]]

\\

\\u[1] is the whole Galois group S_3, hence F1 =QQ

\\ so the meaning is that F 1 = QQ [x] / (x) = QQ \subset K
\\

\\ The last component is how x*6 + 108 splits over F1



F2 = galoisfixedfield( G, u[2],2)

\\ answer: [x"2 + 972, Mod(3*x"3, x"6 + 108), [x"3 - 1/3*y, x"3 + 1/3*y]]
\\

\\ Apparently, we have F_2 \iso QQ [x] / (x*2+971)

\\

\\ The last component is how x"6 + 108 splits over F2, where

\\ by the second component F2 = Q ( 3*x”3) \subset K

\\

\\ where K computed above is the splitting field of P

galoisfixedfield( G, u[3],2)
\\ answer: [x"3 + 54, Mod(1/12*x"4 + 3/2*x, x"6 + 108),
W\ [XA2 - y*x + 1/3%y"2, X2 + 1/3*y"2, x*2 + y*x + 1/3*y"2]]

galoisfixedfield( G, u[4] ,2)
\\ answer: [x"3 + 864, Mod(2*x"2, x"6 + 108),
\ [x"2 - 1/2%y, X2 - 1/24%y"2%*x - 1/2%y, x"2 + 1/24%y"2%x - 1/2*y]]

galoisfixedfield( G, u[5],2)
\\ answer: [x"3 - 54, Mod(-1/12*x"4 + 3/2*x, x*6 + 108),
W\ [XA2 - y*x + 1/3*%y"2, X2 + y*x + 1/3*y"2, x"2 + 1/3*y"2]]

galoisfixedfield( G, u[6],2)

\\ answer: [x"6 + 108, Mod(x, x"6 + 108),

W\ [X -y, x + (-1/12*y"4 + 1/2*y),

\x + (1/12%y™4 + 1/2%y), x + (-1/12*y"4 - 1/2*y),
W\ x + (1/12%y™4 - 1/2%y), x +y]]

\\

\\ Hence the subgroup is trivial.

vector(#u, 1, galoisisabelian(u[i],1))
\\answer: [0, 1,1, 1, 1, 1]
\\ Meaning: The first subgroup is not abelian, all the other are

vector(#u, 1, galoisidentify(u[1]))

Wanswer: [[6, 1], [3, 1], [2, 1], [2, 1], [2, 1], [1, 1]]

\\

\\ REMARK: galoisidentify (u[i]) returns a pair [a,b] where a is the order of
\\ the group u[i] and b is the group index in the GAP4 Small Group

\\ library, by Hans Ulrich Besche, Bettina Eick and Eamonn O'Brien.



