
Algebrikèc Domèc II (2018-2019)
Frontisthriakèc ask seic #1

1. 'Estw R metajetikìc daktÔlioc me mon�da kai I gn sio ide¸dec tou R. DeÐxte ( 
breÐte se k�poio biblÐo thn apìdeixh) ìti up�rqei maximal ide¸dec P tou R me
I ⊆ P .

2. 'Estw R 6= 0 metajetikìc daktÔlioc me mon�da kai a ∈ R. DeÐxte ìti to a eÐnai
antistrèyimo an kai mìno e�n den an kei se kanèna maximal ide¸dec tou R.

3. 'Estw D Akèraia Perioq . Upojètoume ìti to sÔnolo twn idewd¸n thc D eÐnai
peperasmèno. DeÐxte ìti to D eÐnai s¸ma. EpÐshc deixte ìti gia m ≥ 4 sÔn-
jeto akèraio o daktÔlioc Zm twn akeraÐwn modulo m èqei peperasmèno pl joc
idewd¸n all� den eÐnai s¸ma.

4. 'Estw D Perioq  KurÐwn Idewd¸n kai 0 6= I pr¸to ide¸dec tou D. DeÐxte ìti to
ide¸dec I eÐnai maximal.

5. 'Estw D Perioq  KurÐwn Idewd¸n kai (In)n≥1 akoloujÐa idewd¸n thc D me thn
idiìthta ìti

I1 ⊆ I2 ⊆ I3 ⊆ · · · ⊆ In ⊆ · · ·

DeÐxte ìti to I = ∪n≥1In eÐnai ide¸dec tou D kai ìti up�rqei jetikìc akèraioc
n0 me thn idiìthta In = In0 gia k�je n ≥ n0.

6. JewroÔme ton daktÔlio D = Z[x] twn poluwnÔmwn se mia metablht  me akèraiouc
suntelestèc kai ta uposÔnola tou

I = {a0 + a1x+ · · ·+ anx
n : n ≥ 0, ai ∈ Z, a0 = 0}

kai
J = {a0 + a1x+ · · ·+ anx

n : n ≥ 0, ai ∈ Z, 2 | a0}.

(aþ) DeÐxte ìti ta I kai J eÐnai ide¸dh tou D.

(bþ) DeÐxte ìti o daktÔlioc phlÐko D/I eÐnai isìmorfoc me ton daktÔlio Z twn
akeraÐwn. Epomènwc to I eÐnai pr¸to all� ìqi maximal ide¸dec tou D.

(gþ) DeÐxte ìti to J den eÐnai kÔrio ide¸dec tou D. EpÐshc deÐxte ìti o daktÔlioc
phlÐko D/J eÐnai isìmorfoc me ton daktÔlio Z2 twn akeraÐwn modulo 2, �ra
eÐnai s¸ma. Sunep¸c to J eÐnai maximal ide¸dec tou D.

7. 'Estw R 6= 0 metajetikìc daktÔlioc me mon�da. DeÐxte ìti o poluwnumikìc da-
ktÔlioc R[x] eÐnai Perioq  KurÐwn Idewd¸n e�n kai mìno e�n o R eÐnai s¸ma.
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Algebrikèc Domèc II (2018-2019)
Frontisthriakèc ask seic #2

1. DeÐxte ìti an F s¸ma, tìte to sÔnolo twn anag¸gwn stoiqeÐwn tou poluwnumikoÔ
daktulÐou F[x] eÐnai �peiro. San sumpèrasma, an F peperasmèno s¸ma, to sÔnolo
A ⊆ Z pou èqei stoiqeÐa touc bajmoÔc anag¸gwn poluwnÔmwn tou F[x] eÐnai
�peiro. (MporeÐ na apodeiqjeÐ ìti to A eÐnai Ðso me to sÔnolo twn jetik¸n
akeraÐwn.)

2. 'Estw K upìswma tou F kai g ∈ F[x]. Upojètoume ìti up�rqei mh mhdenikì
h ∈ K[x] me g · h ∈ K[x]. DeÐxte ìti g ∈ K[x]. DeÐxte me èna par�deigma ìti to
sumpèrasma den isqÔei p�nta an upojèsoume K,F mìno Akèraiec Perioqèc.

3. Upojètoume ìti ta f ∈ Z[x] kai g ∈ Q[x] eÐnai monik� polu¸numa. An to g diaireÐ
to f sto Q[x] deÐxte ìti g ∈ Z[x].

4. 'Estw R metajetikìc daktÔlioc me mon�da, a, b ∈ R kai n ≥ 1 akèraioc. DeÐxte
ìti

(a+ b)n =
n∑

i=0

(
n

i

)
aibn−i.

5. 'Estw D Akèraia Perioq  qarakthristik c p, ìpou p pr¸toc, kai n ≥ 1 akèraioc.
Jètoume q = pn. DeÐxte ìti

(a+ b)q = aq + bq

gia k�je a, b ∈ D.

6. 'Estw p pr¸toc, kai

f = xp−1 + xp−2 + · · ·+ x+ 1 ∈ Q[x]

to p-t�xewc kuklotomikì polu¸numo. Qrhsimopoi¸ntac ton isomorfismì daktu-
lÐwn

Tx+1 : Q[x]→ Q[x],
n∑

i=0

aix
i 7→

n∑
i=0

ai(x+ 1)i

pou diathreÐ bajmoÔc, deÐxte me to krit rio Eisenstein ìti to Tx+1(f) eÐnai an�-
gwgo sto Q[x]. San sumpèrasma èqoume ìti to f eÐnai an�gwgo sto Q[x].

7. 'Estw n ≥ 3 akèraioc. DeÐxte ìti to polu¸numo

f = xn + 11x3 − 33x+ 22

eÐnai an�gwgo sto Q[x].

8. 'Estw
f = x4 − 6x3 + kx2 + 3x+ 4

me k ∈ Z. Gia poiec timèc tou k eÐnai to f an�gwgo sto Q[x];
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Algebrikèc Domèc II (2018-2019)
Frontisthriakèc ask seic #3

1. 'Estw v ∈ C me el�qisto polu¸numo x2+x+1 epÐ tou Q. DeÐxte ìti v2− 1 6= 0,
kai ekfr�ste to stoiqeÐo (v2 + 1)/(v2 − 1) tou Q(v) sthn morf  a0 + a1v me
suntelestèc a0, a1 ∈ Q.

2. DeÐxte ìti to polu¸numo p = x3 + x + 1 eÐnai an�gwgo epÐ tou Q. 'Estw v ∈ C
mia rÐza tou p. Ekfr�ste ta stoiqeÐa 1/v kai 1/(v + 2) tou Q(v) sthn morf 
a0 + a1v + a2v

2 me suntelestèc a0, a1, a2 ∈ Q.

3. (1) DeÐxte ìti Q(
√
2) = Q[

√
2] kai ìti

√
3 /∈ Q[

√
2].

(2) 'Estw K = Q(
√
2,
√
3). DeÐxte ìti K = Q(

√
2 +
√
3).

(3) DeÐxte ìti to sÔnolo
1,
√
2,
√
3,
√
6

eÐnai mia b�sh tou K san dianusmatikìc q¸roc epÐ tou Q. Sunep¸c
[K : Q] = 4.

(4) Gr�yte ton antÐstrofo wc proc ton pollaplasiasmì tou stoiqeÐou

1 +
√
2 +
√
3 +
√
6

tou K wc proc thn parap�nw b�sh.

(5) BreÐte to el�qisto polu¸numo tou
√
2 +
√
3 epÐ twn Q kai Q[

√
3].

4. BreÐte to el�qisto polu¸numo epÐ tou Q gia kajèna apì ta stoiqeÐa

1 +
√
3,

√
3√
5
,
√
3 +
√
5, (1 + i)

√
3,

√
1 +
√
2.

5. DeÐxte ìti to polu¸numo p = x2 + x + 1 eÐnai an�gwgo epÐ tou Z2. Jètoume
K = Z2[x]/(p). DeÐxte ìti to s¸ma K èqei 4 stoiqeÐa, ta ex c:

0 + (p), 1 + (p), x+ (p), 1 + x+ (p).

Gr�yte touc pÐnakec prìsjeshc kai pollaplasiasmoÔ sto K.

6. DeÐxte ìti to polu¸numo p = x3 + x + 1 eÐnai an�gwgo epÐ tou Z2. Jètoume
K = Z2[x]/(p). Gr�yte ta 8 stoiqeÐa tou s¸matoc K kai touc pÐnakec prìsjeshc
kai pollaplasiasmoÔ sto K. 'Estw v = x + (p) ∈ K. UpologÐste tic dun�meic
vm, gia m ∈ Z. San pìrisma, èqoume ìti h om�da K \ {0} eÐnai kuklik  om�da
t�xhc 7 me genn tora to v.

7. DeÐxte ìti to polu¸numo p = x4 − 2 eÐnai an�gwgo epÐ tou Q. UpologÐste (san
upìswma tou C) to s¸ma riz¸n K tou p epÐ tou Q kai breÐte ton bajmì [K : Q].
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