
Grammik  'Algebra I (2016-2017)
Frontisthriakèc ask seic #1. Pr�xeic pin�kwn.

1. DeÐxte ìti gia k�je A,B,C ∈ Rm×n isqÔei ìti

2(A−B + 3C) + 3(2A+ 6B − 6C)− 4(2A+ 4B − 3C) = Om×n.

2. DÐnontai oi pÐnakec A =

(
1 0 1 0
0 1 0 1

)
, B =


1 0
0 1
1 0
0 1

, kai C =

(
2 2
2 2

)
.

Na upologÐsete, ìtan orÐzontai, ta ginìmena AB, BA, BC, CB, ABC.

3. 'Estw

A =

(
1 −1
0 0

)
, B =

 0 0 0
a 0 0
b c 0

 , C =

 0 1 0
1 0 0
0 0 1

 .

Na deÐxete ìti A2 = A, B3 = O3×3, o C antistrèfetai kai C−1 = C.

4. Na breÐte ton antÐstrofo tou

(
1 2
−2 1

)
kai ton pÐnaka

(
x
y

)
¸ste(

1 2
−2 1

)(
x
y

)
=

(
−1
−1

)
.

5. Na upologÐsete ìlouc touc 2× 2 pÐnakec pou metatÐjentai me ton pÐnaka(
1 1
0 1

)
.

6. An

A =

 0 −1 0
1 0 0
0 0 1


na deÐxete ìti A4 = I3 kai na breÐte ton antÐstrofo tou A. BreÐte kai ton pÐnaka
A2015.

7. 'Estw A ènac n×n pÐnakac tètoioc ¸ste A4−A3+A2−A+ In = On×n. DeÐxte
ìti A antistrèyimoc kai A−1 = −A4.

8. Na breÐte ènan 2 × 2 pÐnaka A ètsi ¸ste: A2 = A me A 6= O2×2 kai A 6= I2.
BreÐte kai ènan deÔtero pÐnaka B me tic Ðdiec idiìthtec.

9. 'Estw A,B kai A+ B antistrèyimoi n× n pÐnakec. DeÐxte ìti kai o A−1 + B−1

eÐnai epÐshc antistrèyimoc kai

(A−1 +B−1)−1 = A(A+B)−1B.
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Grammik  'Algebra I (2016-2017)
Frontisthriakèc ask seic #2

Jèma: Grammopr�xeic, Stoiqei¸deic PÐnakec, Sust mata

1. Na brejeÐ ènac 4 × 3 pÐnakac A me bajmÐda Ðsh me 2 ¸ste k�je stoiqeÐo tou na
eÐnai mh mhdenikì.

2. DÐnontai oi pÐnakec

A =


4 −2 1
2 4 0
2 7 2
3 0 2

 kai B =

 3 −3 8 3
3 1 4 11
4 −2 12 8

 .

a) Na brejoÔn oi antÐstoiqoi klimakwtoÐ pÐnakec kai oi bajmÐdec touc.
b) Na brejoÔn oi antÐstoiqoi isqur� klimakwtoÐ pÐnakec.
g) Na grafoÔn ìloi oi stoiqei¸deic pÐnakec pou qrhsimopoioÔntai.

3. DÐnetai o pÐnakac

A =

(
1 4
2 −7

)
∈ R2×2.

Ekfr�ste ton antÐstrofo tou A san ginìmeno stoiqeiwd¸n pin�kwn.

4. BreÐte touc antistrìfouc twn pin�kwn A kai B kai gr�yte touc san ginìmeno
stoiqeiwd¸n pin�kwn, ìpou

A =

 3 7 6
2 5 3
3 5 11

 kai B =

 2 1 3
1 0 1
3 2 4

 .

5. Na brejeÐ o pÐnakac X ¸ste AX = B, ìpou

A =

 3 7 3
2 5 4
3 7 4

 , X =

 x
y
z

 , B =

 2
11
14

 .

6. Na lujeÐ to grammikì sÔsthma

x1 + ax2 + x3 + ax4 = 1

x1 + ax2 − x3 − ax4 = −1
ax1 + x2 + ax3 + x4 = 1

gia tic di�forec timèc tou a ∈ R.

7. Na lÔsete ta epìmena dÔo sust mata.

3x1 − 4x2 + x3 = 8 x1 + x2 − x3 + x4 = 1
x1 + 2x2 = 0 2x1 + 3x2 + x3 = 3

3x2 + 2x3 = −7 3x1 + 5x2 + 3x3 − x4 = 5
3x1 + 2x3 = 2
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Grammik  'Algebra I (2016-2017)
Frontisthriakèc ask seic #3, Jèma: OrÐzousec

1. Na upologÐsete thn orÐzousa tou pÐnaka

A =


1 2 −4 4
2 −1 4 −8
1 0 1 −2
0 1 −2 3

 .

2. Na upologÐsete thn orÐzousa tou pÐnaka

B =


0 0 0 0 0 1
0 0 0 0 2 1
0 0 0 3 2 1
0 0 4 3 2 1
0 5 4 3 2 1
6 5 4 3 2 1

 .

3. An α, β, γ eÐnai pragmatikoÐ arijmoÐ tìte na deÐxete ìti∣∣∣∣∣∣
1 1 1
α β γ
α2 β2 γ2

∣∣∣∣∣∣ = (β − α)(γ − α)(γ − β).

4. Na upologÐsete thn orÐzousa

∣∣∣∣∣∣
1 + α1β1 1 + α1β2 1 + α1β3
1 + α2β1 1 + α2β2 1 + α2β3
1 + α3β1 1 + α3β2 1 + α3β3

∣∣∣∣∣∣ .
5. JewroÔme èna pÐnaka A ∈ R3×3 pou ikanopoieÐ thn sqèsh A2 + 2A = O. Na

deÐxete ìti o pÐnakac A+ I3 eÐnai antistrèyimoc, na breÐte ton (A+ I3)
−1, kai na

upologÐsete thn orÐzousa tou A.

6. Na lujeÐ h exÐswsh

∣∣∣∣∣∣
2− x 1 1
1 2− x 1
1 1 2− x

∣∣∣∣∣∣ = 0.

7. Na deÐxete ìti h orÐzousa tou pÐnaka C =


0 0 0 a b
0 0 0 c d
0 0 0 e f
g i j k l
m n p q r

 eÐnai mhdèn.

8. Na upologÐsete thn n× n orÐzousa

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
...

...
...

...
1 1 1 . . . 0

∣∣∣∣∣∣∣∣∣∣∣
.
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Grammik  'Algebra I (2016-2017)
Frontisthriakèc ask seic #4, Jèma: Dian. Q¸roi

1. Na exet�sete an ta parak�tw uposÔnola tou R4 eÐnai upoq¸roi tou R4:

• A = {(x1, x2, x3, x4)|x1 − 2x2 + x3 − 5x4 = 0}
• B = {(a, b, a+ 2b, a− 7b)|a, b ∈ R}
• C = {(ab, 2b, a,−a)|a, b ∈ R}
• D = {(a, 2b, b, 4)|a, b ∈ R}
• E = {(x1, x2, x3, x4)|x1x2 = x3x4}

2. Ston dianusmatikì q¸ro Rn×n exet�ste an to epìmena uposÔnola eÐnai upoq¸roi.
a) To sÔnolo twn summetrik¸n pin�kwn. b) To sÔnolo twn �nw trigwnik¸n
pin�kwn. g) To sÔnolo twn antistreyÐmwn pin�kwn. d) To sÔnolo twn pin�kwn
me bajmÐda Ðsh me n-1.

3. 'Estw F s¸ma kai U , W upoq¸roi tou F-dianusmatikoÔ q¸rou V . DeÐxte ìti an
U ∪W eÐnai upoq¸roc tìte U ⊆ W   W ⊆ U .

4. DeÐxte ìti to di�nusma (1, 1, 1) tou R3 eÐnai grammikìc sundiasmìc twn
{(2, 4, 0), (1, 3,−1), (3, 7,−1)}.

5. An kei to stoiqeÐo 1 + x− 2x2 + 3x3 ston upoq¸ro

V =< 1− x, 1− x2, 1− x3 >

tou R3[x] ;

6. EÐnai to uposÔnolo {(2, 4, 0), (1, 3,−1), (3, 7,−1)} tou R3 grammik� anex�rthto;

7. Ston dianusmatikì q¸ro R3[x] twn poluwnÔmwn bajmoÔ ≤ 3 me pragmatikoÔc
suntelestèc dÐnetai to sÔnolo {x2 − 1, x + 2, x2 − x}. Na exet�sete an eÐnai
grammik� anex�rthto.

8. Ston dianusmatikì q¸ro R2×2 twn 2 × 2 pin�kwn na exet�sete an to sÔnolo
{A,B,C,D} twn epomènwn dianusm�twn eÐnai grammik� anex�rthto. An ìqi na
breÐte èna mègisto grammik� anex�rthto uposÔnolo.

A =

(
1 1
1 −1

)
, B =

(
3 0
1 −2

)
, C =

(
7 1
3 −5

)
, D =

(
10 2
6 −8

)
.

9. An ta dianÔsmata v1, . . . , vn enìc dianusmatikoÔ q¸rou V eÐnai grammik� ane-
x�rthta, deÐxte ìti kai ta epìmena dianÔsmata eÐnai epÐshc grammik� anex�rthta

v1, v1 + v2, v1 + v2 + v3, . . . , v1 + . . .+ vn.
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Grammik  'Algebra I (2016-2017)
Frontisthr. ask seic #5, Jèma: Dian. Q¸roi, II

1. Na prosdioristoÔn ìlec oi timèc tou a ∈ R gia tic opoÐec to sÔnolo dianusm�twn

{x = (a2, 0, 1), y = (0, a, 2), z = (1, 0, 1)}

apoteleÐ b�sh tou R3.

2. Na apodeiqteÐ ìti to sÔnolo twn 3× 3 diagwnÐwn pin�kwn me pragmatikoÔc sun-
telestèc eÐnai upìqwroc tou dianusmatikoÔ q¸rou R3×3 kai na prosdioristeÐ mia
b�sh tou.

3. Na prosdioristeÐ mi� b�sh kai h di�stash tou upoq¸rou V tou R4, ìpou

V = {(a, b, c, d) ∈ R4 : c = a− b, d = a+ b}

4. JewroÔme ton R-dianusmatikì q¸ro R4. Na breÐte gia poia tim  tou λ ∈ R o
R-upoq¸roc V tou R4 pou par�getai apì ta dianÔsmata

−→ε1 = (1, 2, 3, 4), −→ε2 = (−2, 1, λ, 2), −→ε3 = (3, 1, 1, 2)

èqei th mikrìterh di�stash.

5. BreÐte mia b�sh kai èna eujÔ sumpl rwma twn epomènwn upoq¸rwn tou R3[x]

V = {f (x) | f (0) = 0} .
W =

{
f (x) | f (x)′ = 0

}
.

T = {f (x) |f (x) = f (−x)} .

6. Na exet�sete poioi apì touc parak�tw isqurismoÔc eÐnai swstoÐ kai poioi lanja-
smènoi. Na dikaiolog sete thn ap�nths  sac.

(aþ) H di�stash tou upoq¸rou

V = {(x, y, z)|x+ 2y + z = 0, x+ y + 2z = 0, 2x+ y + z = 0}

tou R3 eÐnai 2.

(bþ) An A eÐnai ènac 5 × 3 pragmatikìc pÐnakac tìte ta dianÔsmata tou R3 pou
antistoiqoÔn stic grammèc tou eÐnai grammik� anex�rthta.

7. Ston R3 jewroÔme touc upoq¸rouc tou

V =< (1, 2, 1), (2, 2,−2), (1, 3, 3) >

W =< (1, 2, 2), (2, 2,−6), (2, 3,−1) > .

Na prosdioristoÔn b�seic kai oi diast�seic twn upoq¸rwn V,W, V ∩W,V +W .
IsqÔei ìti R3 = V ⊕W ;
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Grammik  'Algebra I (2016-2017)
Front. ask seic #6, Jèma: Grammikèc ApeikonÐseic

1. DeÐxte ìti h apeikìnish φ : R3 → R3 pou orÐzetai apì thn sqèsh

φ((x, y, z)) = (x+ 2y, y − z, 2x+ 4y)

eÐnai grammik . Na upologisteÐ mia b�sh tou pur na kai mia b�sh thc eikìnac thc
φ.

2. DeÐxte ìti h apeikìnish φ : R2 → R5 pou orÐzetai apì thn sqèsh

φ((x, y)) = (x+ 2y, y − x, x+ 4y, x+ y, y)

eÐnai grammik . Na upologisteÐ mia b�sh tou pur na kai mia b�sh thc eikìnac thc
φ.

3. Na deiqjeÐ ìti h apeikìnish φ : R3 → R3 pou orÐzetai apo thn sqèsh

φ((x, y, z)) = (y + z, x+ z, x+ y)

eÐnai isomorfismìc.

4. Na orÐsete èna isomorfismì apì ton dianusmatikì q¸ro R3[x] ston dianusmatikì
q¸ro R2×2.

5. BreÐte ton pÐnaka tou grammikoÔ metasqhmatismoÔ T : R3 → R4 me T (x, y, z) =
(x− y+ 2z, y− 3z, 2x+ y, z) apì thn b�sh α = {(1, 0, 2), (1, 1, 1), (0, 0, 1)} sthn
b�sh β = {(1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 0), (1, 1, 1, 1)}.

6. BreÐte ton pÐnaka allag c b�shc apì thn b�sh γ = {(2, 1, 1), (1, 2, 1), (1, 1, 2)}
sthn kanonik  b�sh ε tou R3. EpÐshc breÐte ton pÐnaka allag c b�shc apì thn ε
sthn γ.

7. JewroÔme ton R-dianusmatikì q¸ro R3 kai to grammikì metasqhmatismì: T :
R3 → R3, pou orÐzetai ¸c ex c:

T (1, 0, 0) = (1, 1, 0)

T (1, 1, 0) = (0, 3, 1)

T (1, 1, 1) = (0, 4,−1)

(aþ) Na upologÐsete thn tim  T (x, y, z) gia k�je (x, y, z) ∈ R3.

(bþ) Na breÐte mia b�sh tou pur na kai mia b�sh thc eikìnac tou T .

(gþ) Na breÐte ton pÐnaka [T ]αα apì th b�sh α = {(1, 0, 0), (1, 1, 0), (1, 1, 1)} sthn
Ðdia b�sh α tou R3.
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Grammik  'Algebra I (2016-2017)
Frontisthr. ask seic #7-8, Jèma: Epanalhptikèc

1. Na upologÐsete, me qr sh orizous¸n, gia poièc timèc twn a, b h bajmÐda tou pÐnaka

A =

 1 2 0 a+ 2
a 3 b 0
0 1 −1 8


eÐnai 2.

2. Gia ton akìloujo pragmatikì pÐnaka A na upologÐsete mia b�sh tou q¸rou gram-
m¸n, mia b�sh tou q¸rou sthl¸n, kaj¸c kai tic antÐstoiqec diast�seic

A =

 1 2 0 3
2 3 1 0
4 7 1 6


3. Na upologisteÐ h orÐzousa tou n× n pÐnaka

A =



2 1 1 . . . 1 1
1 2 1 . . . 1 1
1 1 2 . . . 1 1
...

...
...

...
...

1 1 1 . . . 2 1
1 1 1 . . . 1 2


.

4. Na lujeÐ to grammikì sÔsthma

x+ ty − z = t

x− y − z = 3

x+ y − tz = 1

ìpou t ∈ R.

5. Na brejoÔn ta a, b ∈ R ¸ste to grammikì sÔsthma

x− 4y + az = a+ b

ax+ y + z = 4

x− y + z = b

i) na èqei monadik  lÔsh, ii) na m n èqei lÔsh, iii) na èqei �peirec lÔseic.
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6. Ston R4 jewroÔme touc upoq¸rouc tou

V = {(x, y, z, w)|x− y + z − w = 0}

W =< (1, 2, 4, 8), (1, 1, 1, 1), (3, 5, 9, 17) > .

Na prosdioristoÔn b�seic kai oi diast�seic twn upoq¸rwn V,W, V ∩W kai V +W .
BreÐte upoq¸rouc V ′, W ′ tètoiouc ¸ste R4 = V ⊕ V ′ kai R4 = W ⊕W ′.

7. JewroÔme thn apeikìnish
T : R2[x] −→ R2×2

pou orÐzetai apo th sqèsh

T (f(x)) =

(
2f ′(0) f(1)
f ′′(2) 0

)
∀f(x) ∈ R2[x].

(aþ) Na deÐxete ìti h T eÐnai grammik .

(bþ) Na breÐte mia b�sh tou pur na kai mia b�sh thc eikìnac thc T .

(gþ) EÐnai h T èna proc èna; EÐnai h T epÐ;

8. JewroÔme thn grammik  apeikìnish T : R3 −→ R3 pou orÐzetai wc ex c:

T (x, y, z) = (y, z,−x− y − z) ∀(x, y, z) ∈ R3.

EÐnai h T antistrèyimh; An nai, na upologÐsete thn T−1.

9. JewroÔme thn grammik  apeikìnish T : R3 → R3 pou orÐzetai wc ex c:

T (x, y, z) = (
19

4
x− 1

4
y − 13

4
z,

9

4
x+

5

4
y − 11

4
z, 3x+ y − 4z) ∀(x, y, z) ∈ R3.

(aþ) Na breÐte ton pÐnaka A thc T sth b�sh a= {(1, 0, 0), (0, 1, 0), (0, 0, 1)} tou
R3.

(bþ) Na breÐte ton pÐnaka B thc T sth b�sh {(2, 1, 1), (1, 2, 1), (1, 1, 2)} tou R3.

10. JewroÔme thn grammik  apeikìnish T : V → W . An mia b�sh tou pur na thc
T eÐnai h {x1, . . . , xs}, mia b�sh thc eikìnac thc T eÐnai h {y1, . . . , yr}, kai ta
dianÔsmata {z1, . . . , zr} tou V èqoun thn idiìthta T (zi) = yi, 1 ≤ i ≤ r, tìte
deÐxte ìti to sÔnolo {x1, . . . , xs, z1, . . . , zr} apoteleÐ b�sh tou V .

11. 'Estw A kai B dÔo n×n pÐnakec pragmatik¸n arijm¸n kai èstw adj(A) kai adj(B)
oi prosarthmènoi pÐnakec twn A, B antÐstoiqa. An A, B eÐnai antistrèyimoi, na
deÐxete ìti kai o pÐnakac adj(AB) eÐnai antistrèyimoc kai isqÔei

(adj(AB))−1 = adj(A)−1adj(B)−1.

12. 'Estw A,B dÔo antistrèyimoi n × n pÐnakec pragmatik¸n arijm¸n tètoioi ¸ste
At = A−1, Bt = B−1 kai oi pÐnakec A+B, A−B eÐnai antistrèyimoi. Na deÐxete
ìti kai o pÐnakac AtB −BtA eÐnai antistrèyimoc.
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